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FnaBsa |

JIMHEUHDLIE NMPOCTPAHCTBA

§ 1. ONPEAENEHUE NMHEWHOrO MNMPOCTPAHCTBA. MPUMEPDI

PaccMOTpUM COBOKYMHOCTb HanpaB/ieHHBIX OTPE3KOB NPOCTPAHCTBA,
HCXOAAmMMX U3 Hekotopoit Touku O. [lo mpaBuay napassenorpamma
sl mo6bIX ABYX TaKUX OTPE3KOB WJIM BEKTOPOB a M b Haflercsi Be-
top a + b. KpoMe 3To#i omepauuu C/lOXeHUs BEKTOPOB, XOPOLIO H3-
BeCTHa TaKXKe Olepallusi YMHOXKEHHs BEKTOpa a Ha BellleCTBEHHOE UHC-
Jo A. HacTo 3Ty COBOKYNHOCTb BEKTOPOB C YKa3aHHBIMH OIepauHusMu
Has3bIBAIOT GEKIMOPHLIM npocmparcmeom. B panbHefiiieM oHO 0603Ha-
vaercs: V.

AkcnomaTusupys cBoficTBa omepauufi Haj BekTopamu u3 Vg, mpu-
XOMuM K 0OlieMy NOHSTHIO BEKTOPHOrO, WM JIHHEHHOro NIpPOCTPaHCTBa.

Onpenenenue 1. Ilyctb P — HEKOTOpOe YHCIOBOE IOJE,
R — no60e HemycToe MHOXKECTBO 3JIEMEHTOB H

a) B R ompellesieHa omnepauusi ClIOxKeHHs1 (T. €. yYKa3aH 3aKOH, IO
KOTOpPOMY JIJisl JIIOOBIX IBYX 3JIeMeHTOB @, b € R HaXOAWTCS BHOJHE
omnpefieJIeHHbIH 3/eMeHT B R, HasblBaeMblii KX CyMMO# W 0603HauaeMbiil
uepe3 a 4 b),

6) ompellesieHa OmnepaLisl YMHOXKEHHS 3JeMEeHTOB W3 R Ha 4ucia
u3 P (T. e. yKasaH 3aKOH, 0 KOTOpoMy AJis Jjito0oro snemeHra a € R
1 Joboro yucna A € P HaXOAUTCS BIIOJIHE ONpEeJeNIeHHbI 3J1eMEHT B
R, Ha3bIBaeMblil NpOU3BEJIEHHEM UHCIA A Ha 3JIeMEeHT @ i 0003HauaeMbl
yepe3 A - a unu Aa).

MuoxxecTBO R HasblBaercs AutetinHbim (WU 6eKMOPHbIM) NPOCMPAH-
cmeom Had nosem P, a ero sjieMeHTbl — GeKmopamu, eClii yKasaHHble
omepanuu (CNIOXKEHHsT BEKTOPOB M yMHOXEHHsS BeKTOpa Ha YHCJIO)
YJIOBJIETBOPSIIOT aKCHOMaM:

I. I° a4+ b= b+ a (KOMMyTaTHBHOCTL CJIOXKEHHUS).
2°. (@4 b) + ¢ = a + (b + ) (accounaTUuBHOCTb CJIOKEHHUS).
3°. CymectByer BekTOop O, Takofi, uto a + 6 = a ansa moboro
a € R. Bektop 0 HasbiBaeTcsl Hy/eeoim WM NPOCTO HYJIEM IPOCTpaH-
ctBa R.
4°. [Insg Kaxporo BeKTopa a € R cyluecTByeT BEKTOp —a,
Takoi, 4to a -+ (— a) = 0. BekTop —a HasblBaeTcsl nPoOmMuBONONOKHC-
Ko LJid a.
II. 5°. 1+ a = a, rae 1 — enununa nons P.
6°. a (Ba) = (@P) @ (accoUUaTHBHOCTb YMHOXKEHHS Ha HHCIO
nons P



III. 7°. (@ + B) a = aa + Ba (EUCTpUOYTHBHOCTL YMHOXEHHS OT-
HOCUTEJILHO CJIOXKEHHsI uucen noas P)*.

8. a(a+ b) =aa-+ab (aucTpubyTHBHOCT YMHOXKEHHS OTHO-
CHTEJILHO CJIOXKEHHSI B MHOXecTBe R).

- Ecau none xosgdulHeHTOB P eCTb noJjie BceX KOMIJIEKCHBIX UHCe,
TO JIMHEeHHOe NPOCTPAHCTBO HA3bIBAETCS KOMNAEKCHOIM AUHELHbIM Npo-
cmpancmeom; eciu P ecTb IoJjie BCeX BellleCTBEHHBIX YHCeJN, TO — geuje-
CMBEHHbIM NUHEUHbIM NPOCHPAHCMEOM; eclii P — npou3BoJIbHOE HoJle,
To R — Aunelinoim npocmpancmeom Had nosem P.

Kak npaBuno, B JanbHefileM BClofy B KauecTBe OCHOBHOro moss P
6yZLeT mpeAnosiarathcsl MoJie BemecTBeHHbIX uucesn D. OTcrynsieHHe ot
3TOro mpasusia OyleT OroBapuBaThbCs.

Kax u npu onpezeseHuy rpymnibl, B onpejeseHHH JHHEHHOro npocT-
DAHCTBa HUYEro He rOBOPHTCSI O TEXHHUKe BHINOJNHEHHS Omnepauuii: B
J1000M KOHKPETHOM Cjlyuae, KaK TOJIbKO BBINOJIHSIEMElE omepauuu Oy-
IyT YHIOBNETBOPSITh aKcuomMaM 1° — 8°, 3Tu onepauuu npuoGperaiot
IIpaBO Ha3bIBATbCSl CJIOXEHHEM U YMHOXEHHeM Ha 4YHCJIO, a COBOKYI-
HOCTb 3JIEMEHTOB C TaKMMH ONEepalisM{ IOJNy4aeT NPaBoO HasblBaThCH
JIUHEHHBEIM I1POCTPAaHCTBOM.

Ilpumepsn suHefiHBIXx mnpoctpaHctB. 1. Ilpoctpancteo V.
DJeMEHTBl 3TOr0 NpPOCTPAHCTBA — HAalpaBJIeHHBIE I'eOMETPHUECKHE OT-
pe3ku OGBIYHOrO NpPOCTPAHCTBA, HMelollHe obliee Hauyajo B (UKCHPO-
BaHHOH Touke O. CiioxeHHe BEKTOPOB BBIIOJIHSIETCS 110 NpaBHY Napai-
genorpamma. IIpy yMHOXKEHHH BeKTOpa Ha BeLIECTBEHHOE YHCIO A
JIJIMHA BEeKTOpa YMHOXKaeTcss Ha YMCJIO |A|, a HanpaBseHue BeKTOpa
npu A > 0 ocraercssi HeusMeHHbIM, npH A < 0 MeHseTCs Ha IPOTHBO-
noJicKHoe. BrinosHeHue akcioM 1°—8° yerko npoepsieTcs.

CoBOKYNHOCTE BeKTOPOB U3 V3, pacnosoXeHHHIX B HEKOTOPOH
IUVIOCKOCTH (mpoxozsiuieli uepe3 Touky O), obpasyer JiUHelHOe Ipo-
cTpaHcTBO, 0603HauaeMoe V,. COBOKYNHOCTb BEKTOpPOB U3 V,, mpuHaX-
JiexaliiXx HeKOTOpoH npsamoit (mpoxopsiueil yepe3 Touky O), obOpasyer
JIMHeliHoe NpOCTpaHCTBO, o6o3Hayaemoe yepes V.

2. IlpoctpanctBo T,. DneMeHT x — BEKTOP 3TOro TaK Ha3bBaeMO-
ro apu(MeTHYEeCKOro JIMHEHHOro NpOCTpaHCTBa — Jiobast yrnopsiioueH-

Hasi COBOKYIIHOCTb 7 BellleCTBeHHbIX uucen &y, &, ..., &, (n— Oukcu-
pOBaHHOE HATypaJibHOe YHCJIO):
x= (L, L, -, L)
Uucna §;, HaspiBaroTcsl KoMIOHeHTamu BekTopa x. Cymmofl BEKTOpPOB
x=(€i, gz, cee clz) 1 y= (7]1,712, ooy nn)

Ha3bIBa€TCsA BEKTOD
Xx+y=0C+ny &+, ., &+

* Jlas cioxeHus B R M Ans cloxeHus B P cyefoaso Gbl YHOTPeGJsTh pasHbie
o6o3Hayenus onepauuii. Mel paau ynpouleHus 3anucefi B 0G0MX CJOYdYasix MHIIEM .
AHaJlorHuHOe 3aMeyaHHe OTHOCHTCS K 0603HAYeHHSIM YMHOXKEHHS B aKcuoMe 6°.

AxcroMpl 1°—8° He fBJSIOTCA JIOTHUECKH HE3aBHCHMBIMH: akcHoMa 1° sBjsercs
cJencTBHEM ocTasbHbIX akcuoM ([7], Ne 1822).
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[TpousBeieHHeM BeKTOpa X Ha BEIUECTBEHHOE UHCJIO A Ha3blBaeTCs BeK-
TOp

A=At Mg, e, AT,

PaBeHCTBO BEKTOPOB X = Y 03HauaeT PaBEHCTBO COOTBETCTBYIOUIMX KOM-
noHeHT: §y =1y, §o =My, ..., {,= 1, DBBINOJHHMOCTb aKCHOM
1°—8° nerko mpogepsietcss, mpuuem 0 = (0, 0, ..., 0).

3. INpoctpancteo C (a, b). DieMeHT 3TOro JIHHEHHOro MpPOCTPaHCT-
Ba — Jwobasi BellleCTBeHHast (YHKIHUS x = x (), onpefeneHHas H
HerpephiBHasg Ha oTpeske a < f < b. Onepanuu cioxeHus: GyHKUHUH
H YMHOXeHHUs] GYHKLHH Ha BelleCTBEHHOe YHCJIO H3BECTHBI U3 MaTeMaTH-
YeCcKoro aHaju3a, MpH 3TOM, OUEBUAHO, ycjIoBHs 1°—8° BhIMOMHSIOTCS.

4. TlpocTpaHCTBO pelleHHH ONHOPOAHOH CHCTEeMbl JUHEHHBIX ypasB-
HeHuit. [Ilycts

aXy + ApXy + o+ ay, X, =0,
Ay Xy + AgpXy + oo+ @y, X, =0,

(1

Xy + apx, + o+ agx, =0
— OIHOPOZHAs CHCTeMA S JIMHEHHbIX YpaBHEHMH C 1 HEH3BECTHBIMU H C
Kosdpdunentamu 13 noias D. Beefem o6o3HaueHHst MaTpHIL

Qg ... Gy, Xy 0

Ao1Qy e gy X2 0
A= x={?le=|"

asia52 oo asn ’ xn ? 0 ’

6 — maTpuua-cronber BeicoThl s. Toraa cucrema (1) B marpuuHoi
¢dopme 3anuuiercs Tak:

A-X=0. @)

Cucrema (1) Bcerna coBmectHa. Kpome Toro, ecnu X u Y — J1Ba pete-
Hus cucteMmsl (1), T0 X + Y u AX, rae A — mo6oe yucio, Toxe pelie-
HUsA cuctembl (1), Tak Kak

AX+Y)=AX+AY =0 +6 =0, AMX) = MAX) =10 = 0.

Axkcuombl 1°—8° BhinosHsitotcst. TakuM 00pa3oM, COBOKYITHOCTh pelle-
HUH OJHODOJAHOH CHCTeMbl JIMHEHHBIX YPaBHEHHH COCTaBisAeT JUHEHHOe

MPOCTPaHCTBO. DTO IPOCTPAHCTBO, OYEBHIHO, COAEPKHUTCS B NPOCTPaH-
cree T,

5. TlpocTpaHCTBO MHOrOWIEHOB. MHOXKECTBO BCEX MHOrOWIEHOB BHAA
a4+ at 4+ ... Fa,tt

C KOMIVIEKCHBIMH KO3(hpHUMEHTaMH @y, a4, ..., @, UpH GUKCH-
POBaHHOM N, OYEBHJAHO, SIBJASETCS KOMINVIEKCHBIM JIHHEHHBIM MpPOCTpaH-
CTBOM OTHOCHTEJIbHO OOBIYHBIX OIllepauuil CJIOXKEHHS MHOrOWIEHOB H
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YMHOXKEHHSI MHOrO4IeHa Ha YMCJIO. DTO MPOCTPAHCTBO Mbl OyleM Hasbl-
BaTh KOMIIEKCHBIM IPOCTPAHCTBOM MHOTOYIEHOB CTeMeHH < M (XOTd
COlepIKalluicsi B HEM HYJ/Ib-MHOTOWIEH He HMeeT CTeMeHH). 3aMeTuM,
YTO COBOKYIHOCTb MHOIOWIEHOB HaHHOH cTemeHu n > 0 JuHeHHOro
NpOCTpaHCTBA He o6pasyeT: CymMMa ABYX MHOIOUJIEHOB CTENEHH 1 MO-
JKeT 0KasaTbCsl MHOrOUleHOM 0oJiee HH3KOH CTEeNeHH.

6. [IpocTpaHCTBO KBaApaTHBIX MaTpHL. BeKTOphl 3TOro mpocTpas-
CTBa — KBaJpaTHble MaTPHLBI OJHOTO M TOro e MOpsiKa n C Belie-
CTBEHHBIMH 3JeMeHTaMH. OCHOBHOE NoJie — MoJle BEIeCTBEHHbIX YHCel.
CnoxeHHe MaTpHll M YMHOXKEHHE WX Ha YHCJa BBINOJIHSAIOTCS MO H3-
BeCTHbIM TNpaBuiaM. AxcuoMbl 1°—8° BhimosmHsotcst. HyseBbiM aie-
MeHTOM O 3lecb OyleT MaTpulia, BCE 3JEMEHTb KOTOPOi HYJIH.

7. IlpoctpancTBO R, BEKTOPbl KOTOPOrO INOJOXKHTEJbHbIE Belle-
CTBEHHBIE UHCJIa, OCHOBHOE MoJie — nojie D BeleCTBEHHBIX YHCel.
CnoxeHue 1 yMHOXKeHHe uucen o, P, ... noas D 0603HauaeM OOBIYHBIMH

sHakaMu + u - . «Cjoxenue» & BEKTOPOB @ K b B R MO onpeleneHuio
€CTb OOBIYHOE YMHOXKEHHE BellleCTBEHHbIX YHCes:
adb=a-b.

«YMHOxkeHHe» (¢) uncia o € D Ha BekTop @ € R Mo ompeneneHuio
€CTh BO3BBbILIEHHE UYHC/IA @ B CTENeHb q :

a(®a=a%,

[TpoBepbTe BhIMONHUMOCTL akcuoM 1°—8°. [lns npumepa yGeaumcsi B
BbIIIOJIHUMOCTH aKCHOMbI 7°. B JaHHOM ciyuae OHa 3amuiueTcs TaK:

@+pOa=O)dPOY.

[lo onpepenenuto onepauuit +, P, ), - HUMeeM:
@+B)®a=a*tb; (@@a)PPOa) =a*D aP = a®-ab = a2+B,

OTKyJa u cjefnyer 7°.

8. OcHoBHOe mosie P COCTOUT H3 JABYX 3JEMEHTOB, 0602HauaeMblX
0 u 1. Onepauuu cnoXeHust + W yMHOXeHHs - B P 3ajaHbl TabJu-
11aMH:

+ 0 1 . 0 1
0 0 1 0 0 0
1 1 0 1 0 1

DnemMeHTaMH NPOCTPAHCTBA R ABJISAIOTCA HAOOPHI AJIMHB!I 1 3JIEMEHTOB
u3 P. Onepauuu cjloXeHHUs BEKTOPOB M3 R W yMHOXEHHS UX Ha 3Je-
MeHTHl M3 P mnpousBoisitcsi noxkoMmnoHeHTHO (Kaku B T,). Ilonyuaem
JuHeHHoe NMpOCTPaHCTBO R Haj (HEUYHC/IOBbIM) nosieM P; Bomiuuue OT
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paHee pacCMOTPEHHbIX MPOCTPAHCTB 3TO NPOCTPAHCTBO KOHEYHO H CO-
CTOUT U3 2% BEKTOPOB (HOCKOJIbe KaxJasi U3 n KOMIIOHEHT BEKTopa
NIpUHUMAeT JBa 3HAU€HHUs HE3aBUCUMO OT APYTrUX KOMHOHeHT).

Ynpamnenusa

slBnsieTcst M JIMHEHHBIM NPOCTPAHCTBOM HaJ INOJIEM BellleCTBEHHLIX
qucers:
a) MHOKECTBO BCEBO3MOXHBIX BEKTOPOB IJIOCKOCTH C OOUIMM Ha-
yanoM B Touke O:
1) KOHLBI KOTOpHIX JIeXKAT Ha OJHOH MpSIMOH;
2) KaXIblH H3 KOTOPBIX JIEXKHT Ha OAHOH H3 Ocell KOOpAMHAT
0X un 0Y;
3) KOHIIBI KOTOpBIX JieXKaT B IePBOH 4eTBEPTH CHCTEMBbl KOOpPIAH-
HaT;
6) MHOXKeCTBO TeX BEKTOpOB W3 npocTpaHctBa T, KOMIOHEHTHI KO-
TOPBIX:
1) ecThb Llesble uHCIa;
2) yIOBJIETBOPSIOT COOTHOWIEHHIO §y + §p + ... +
3) yILOBJIETBOPSIIOT COOTHOWIEHHIO (4 + &y 4+ ... 4+ §

2 =0
2 T =1
4) c yeTHHIMM HOMEpAaMH paBHBI MexAay coboi?

n

§ 2. NPOCTEMAIUME CBOMCTBA JIMHEWHBLIX MPOCTPAHCTB

OTMETHM HEKOTOpble CBOHMCTBA JIMHEHHBIX IPOCTPAHCTB, KOTOPBIE
HEMoCpeCTBEHHO BLITEKAIOT U3 akcHoM [°—8°.

AkcroMbl 1°—4° 03HAYaIOT, YTO OTHOCHTENLHO OMEpPaLMH CJIOXKE-
HHUSl JIMHEHHOe MNpOCTPaHCTBO R $BJseTCSI KOMMYTAaTHBHOH TpYyIoi.
CnepoBaTesbHO, BCe CBOHCTBAa KOMMYTAaTHBHBIX TPYII HMEIT MECTO
ISl IMHEHHBIX NPOCTpaHCTB. B wacTHOCTH:

1. B nuHefiHOM mNpOCTpaHCTBe CYyLIECTBYeT eAMHCTBEHHBIH HYJIb.

2. B nuHefiHOM NpocTpaHCTBe AJSI Ka)KJAOro 3JIeMEeHTa CYILeCTBYeT
€IMHCTBEHHBbIH MPOTHBOMOJIOXKHBIH 3JIEMEHT.

3. ¥YpaBHeHue a + x = b, rie a U b — JoOble JaHHbIE 3JIEMEHThH
JIHHEAHOrO MpOCTpaHCTBa R, paspeiudMo B R ¥ NMPHUTOM eAMHCTBEHHLIM
oBpa3om.

YpaBHeHHIO a 4+ x = b yloBnerBopsier BeKTop b -+ (— @), ero
Ha3bIBAIOT PA3HOCMbLI0 BEKTOPOB b ¥ a W 0003HayalT uyepes b — a.
Takum o6pasoM, Mo onpefiesieHHI0 Pa3sHOCTH HMeeM:

b—a=0b+(—a).

Jpyrue cBoficTBa JTHHEHHOro NpoCcTpaHCcTBa R cBsI3aHbl C onepauuei
YMHOKEHH .

4.0 -0 =0.

B camom gene, nmycTh @ — NpoU3BOJIbHBIA BEKTOp NpOCTpaHcTBa R,
o — npousBosbHOe uncao u3 P. Toraa mo akcuomam 3° u 8°

aa =a(a +0)=caa+a-0,



Orcrona cnenyert, uto a8=0, u6o no croficTBY 3 ypaBHEHHE qa + £ =

= @ UMeeT eJMHCTBEHHOE pellleHHe, a MO akcuoMe 3° 3TUM pellieHHeM
sBjaserca 0.

5.0:-a=06, rie 0 — nyap nons P.
B camom gene, mo akcuome 7°
aa =(+0a=aa+0-a.
Orciofa, Kak U INpu JOKas3aTelbCTBE CBOHCTBA 4, IONYYHM, 4YTO
0-a=06.
6. Ecu e =0, To mim o =0, wim a = 6.
Ecaua = 0, To cBo#icTBo 6 BhimosHeHo. Eciu a %= 0, To B noJje P

CYIIECTBYET YMCIO o 1, Takoe, yTo 0. "' ¢ = 1. Torxa mo akcuomam 5°,
6° u cBoficTBY 4 nosyuaem:

a=1.a= @ a)a=a Yaa) =a"! -0 =0.
7.0 (—a) = — (aa).
ITo akcuomam 8°, 4° u CBOHCTBY 5 nosyuaem:
wa+a(—a)=aa+(—a)l=a-0 =6,

3HauuT, JIEeMeHT o, (— @) SBJIAETCS NPOTHBOIOJOKHLIM JJISI SMeMeHTa
aa, T. e. a (—a) = — (aa).
8. (—a)a = — (0a).
[To akcuome 7° u cBoficTBY 5
e+ (—a)a=[a+4 (—x)a=0-a=0,

OTKyZAa, Kak M B CBOicTBe 7, 3aKjlouaeM, uT0 (—a) a = — (aa), B
yacTHoctH, (— l)a = —a.
9.0 (@ —b) =0a —abd.
JleicTBUTENbHO, TIO OMpeleNeHHI0 PasHOCTH, akcHome 8° M CBOMCT-
By 7 mosydaem:
a(a—b) =oala + (—b)] = aa + o — b) = aa — ab.

10. @ —B) a =aa — Pa.
B camoMm gzene, no akcuome 7°, CBOMCTBY 8 M ONMpeNeNEHHIO pa3HO-
CTH

@—Bla=[a+ (—P)le=0a+ (—Pa=0aa+ (—pa) =aa —Pa.

Onpenenenune 2. Jlunednoll kombunayueli BEKTOPOB a,

b, ..., ¢ HasbIBaeTCsl BEKTOp x, MoJyuyaeMblii Mo dopmyJe
x=aa+pb+ .. + v,
rie o, B, ..., Y — HexoTopble uucaa ocHoBHOro mossi P. [oBopaT npu

STOM TaKxKe, YTO BEKTOP X JIHHEHHO Bblpax<aeTcst uepe3 BEKTOPHl a,
b, ..., c.
Insi AByX JIMHEHHBIX KOMOWHAili
x=aa+Pb+ .. +yc u y=0a+Pb+ ... +y¢
10



no akcuomaM 1°—8° u cBofictBaMm 1 — 10 MOXHO 3amucaTtb, HTO

x—y=(@—a)a+PB—P)o+ .. +(y—rvie,

TEM CaMbiM MOJy4yaeM NpaBoO MNPUBOAUTH NOfOOHBIE YJIEHBI.

§ 3. IMHEXMHAS 3ABMCHMMOCTbL BEKTOPOB

BaueilIIiM MOHSITHEM B TEODHH JIHHEHHBIX NPOCTPAHCTB SIBJISETCS
JiiHefiHasl 3aBUCHMOCTb BeKTOpOB. [Ipexkjie ueM ONpefesHTb 3TO MOHS-
THe, PAaCCMOTPHM HECKOJbKO IPHMEpOB.

[Tpumepsn. I. [ana creaywolass CHCTeMa TpeX BEKTODOB H3
npoctpaicTBa T

a=(3,1,2 0, b=(0, —2, 1, 5), c=(3 —3, 4, 10).
Jlerko 3aMeTHTb, 4TO ¢ = a + 2b, uau
a+24(—1c=eo. (1)
3zecs 8 = (0, 0, 0, 0).
2. BosbMeM Temepb ApYryio cHCTeMy BeKTOpPOB M3 T
x=@3, —2, 2 =3), y=(1,1,44, z2=(—1, 3, 4, 8).
CooTHotueHne, aHanoruuHoe paBeHCTBY (1), AJs 3Tofi cHCTeMbl BeK-
TOPOB HEMOCPEACTBEHHO YCMOTpPETb 3aTpyAHUTENbHO. ONHAKO HETPYJHO
NpPOBEPUTh, UTO
4x + (—T7)y + 5z = 0. #)]
Koaddunuentsl 4, —7,5 cooTHomenust (2) MOXKHO Gbuto Obl HABTH ce-
AytomuM ob6pasom. O603HAUMM HX yepe3 Cy, C,, Cg M, CUMTAST HEH3BECT-
HbIMH, OyZeM pellaTh BEKTODHOE ypaBHEHHe:
X Gy + ¢z = 0. 29
ITpousBensi ykasaHHble onepaliy YMHOXKEHHs H CI0XKEHHS U NMepeXoas
K PaBeHCTBY KOMIIOHEHT BeKTOpOB B (2'), mojiyyaeM OJHODOJHYIO CH-
CTeMy JIMHEHHBIX ypaBHEHHH OTHOCHUTENbHO Cji, Cy, Cg:
3¢, +¢,—c; =0,
— 2¢; + ¢y 4+ 3¢c; =0,
2¢, + 4cy, + 4c; =0,
— 3¢, + 4¢, + 8¢; = 0.
OZnHuM U3 pelleHHil 3TOi CHCTeMbl sBAseTCH: ¢y =4, o =—7, 3 = 5.
3. PaccmoTpuM cucTeMy BEKTOPOB:
a=03 —2,1, —=3), a=(1,1,4 4, a=(—1, 3, 4, 8).
PaBeHcTBO
€18y + Ca, + €303 = O ()
NPUBOAHUT K CHCTEMe ypaBHEHHI, uMeloleii elHHCTBEHHOe — HYJIeBoe —
pewenue. (ITpoBepbre!l) Takum oOpasom, u3 paBeHcTBa (3) CJedyer,
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uT0 ¢y = ¢, = ¢ = 0. MHaue roBopsi, paBeHcTBo (3) BbIIONHSETCS
TOJIBKO IIPU €y = ¢, = 3 = 0.

CucreMbl BEKTOPOB B npumepax 1—2 sBisiioTcst JHHEHHO 3aBHCHMBI-
MH, CHCTeMa npumepa 3 — JIHHEHHO He3aBHCHUMOM.

Onpenenenue 3. Cucrema BeKTOPOB aj, @, ..., Qp JHHEH-
HOrO NpOCTpPaHCTBA R Haj mosieM P HasbiBaeTcs AuHelHo 3asucumoll,
€CJIH CYLIECTBYIOT He BCe paBHble HYJIO YHCAA Cj, Cyy ..., Cp NONA P,
Takue, 4To

Ciay + 6y + ... + cra, =0, *
Ecnu xXe /151 BEKTOPOB @y, dy, ..., @, PABEHCTBO (*) HMEET MECTO TONBKO
npu ¢; = ¢, = ... = ¢, = 0, TO cHCTeMa BEKTOpOB ay, A, ..., 4, Ha-

3bIBACTCS AUHEUHO Hesagucumol.

3ameTHM, UYTO CBOHCTBO JIMHEHHOH 3aBHCHMOCTH H HE3aBHCHMOCTH
SIBJISIETCST CBOHCTBOM C M C Te M bl BekTopoB. OpHAaKo B JUTepaType
IIHPOKO HCIOJBL3YIOT Te e MNpujiaraTelbHble B NPHMEHEHHH Hernoc-
PeACTBEHHO K CaMHM BeKTopaM M TOBODSAT, AONYCKas BOJBbHOCTH peud,
«CHCTeMa JIMHEHHO HE3aBHCHMBIX BEKTODOB» U JaKe «BEKTOpHI JIMHeH-
HO He3aBHCHMEL.

Ecnu B cucreme MMeeTcsi BCcero OAMH BEKTOp @, TO NpH a %= 6 mo
cBo#cTBY 6 (§ 2) u3 ca = 0 caenyer ¢ = 0. 3HauuT, cucTeMa, COCTOSI-
ast U3 ORHOr'O HEHYJIeBOro BeKTOpa, JMHEeHHO He3aBHcHMa. Hanporus,
Jio6ast cucteMa BEKTOPOB @y, ..., d,, COJAEpKallasi HyseBoi BekTop 0,
JuHelHO 3aBucuMa. Hanpumep, eciu a; = 0, 1O

1-q,4+0-a+ .. +0-a,=0.

Ecau cucremMa JByX BEKTOPOB @; M Q, JIMHEHHO 3aBUCHMA, TO HMEET
MEeCTO paBeHCTBO C;a; + C,a, = 0 npu ¢y %= 0 (w1t ¢, % 0). Toraa

Co Cy
= —_— U == — —
a 5 % (mm  a, o ay),

T. €. BEeKTOPH! a; U @, NPONOpUHOHANTbHEL. BepHo u ofpaTHOe, Tak Kak
us a; = ca, caenyer 1 - ay + (—c)a, = 0. 3Hauut, cucrema ABYX
BEKTOPOB a4, @, JIMHEHHO 3aBUCHMAa TOTAA U TOJNBKO TOTAa, KOrla BeK-
TOPBl @4, @, NMPONOPLUOHAJbLHLI.

IIponopunoHanbHble BeKTOphl H3 V, JekaT Ha OJHOH MNpsMOH; B
CBSI3H C 3TUM M B OOLIEM CJydyae NpPONOPUHMOHAJNbHbIE BEKTOPbl HHOIAA
HasbIBAIOT KOJIJIHHEapHbIMH.

OTMeTHM HeKOTOpble CBOHMCTBA JIMHEHHOH 3aBHCHMOCTH BEKTODOB.

CBo#ictBo 1. Cucrema BeKTOpPOB, cojep:Kailas JHHEHHO 3a-
BUCHMYIO IOACHCTEMY, JHHEHHO 3aBHUCHMA.

[TycTb nuHeliHO 3aBHCHMa MOACHCTEMA

Qy, Qg w5 4,
CHCTEMBI

a, Qg .., Qm, TAe k<<m.
12



Torma CyumiecTBYIOT He BCe paBHBIE HYJIIO YHCIA Cy, Cg, ..., Ca TAKHE,
4T0
€18y + Cyay + ... +cra, = 0.

Jlo6aBUB B JIEBYIO YacThb 3TOrO PaBEHCTBA OCTalbHbie BEKTOPH JaHHOR
CHCTeMBl C HYJIEBBIMH KO3(h(duIUEHTaMH, NMOAyuHM Tpebyemoe.

U3 cBofictBa 1 caepyer, uto Becsikasi NOACHCTeMa JHHEHHO He3aBH-
CHMOH CHCTEMbl BEKTOPOB JIMHEHHO He3aBHCHMA.

CBoficTBo 2. Ecau cucrema BeKTOpOB

ay, Ay, ..., G 4)
JIUHeHHO He3aBHCHMAa, a CHCTeMa BEKTOPOB
ay, Qg .. , G, b ()

JIMHEHHO 3aBHCHMa, TO BeKTOp b JIHHEHHO BHIpaXKaeTcsl uepe3 BEKTOPHI
cucreMbl (4).

Tak Kak cucrema BeKTOpoB (5) JIHHEHHO 3aBHCHMA, TO CYIUECTBYIOT

He BCe paBHbIe HYJIO YHUCJA Cy, Cy, ..., Cp TAKHE, UTO
cay +¢a, + .. +ca,+cb=0, (6)
Ecmt ¢ =0, 10 ¢b =6 u Torna HeHyjeBble KoahduuueHTsl GynyT
CpelH ¢y, Cy, ..., C4 WUTO O3HAYANO Obl TMHEHHYIO 3aBUCHMOCTb CHCTEMBI
(4). 3uauut, c5=0 u
= G 4 24 . fr
b= Ay — 0y — .. -0y

CBoficTBO 3. YnopsioueHHas CHCTeMa HEHYJIEBHIX BEKTOPOB
a, ay .. ,a, (kB>1])

JIMHEAHO 3aBHCHMA TOTJAa M TOJAbKO TOrJa, KOrJa HeKOTOPLIH BEKTOp a;,
2 < i < k, sBAsgercsa JauHeHHON KoMOWHAIMell NpeaLIeCTBYIOIIUX BEK-
TOpOB.

[lycts cucreMma ay, a,, ..., @, JuHelHO 3aBuckMa. Tak Kak a, 5= 0,
TO BEKTOp a4 JIUHEHHO He3aBUcUM. OO03HauHM yepe3 i > 2 HauMeHbliee
HaTypalbHOe YHCJIO, DU KOTOPOM CHCTeMa ay, dy, ..., 4; JHHEHHO 3a-
BucuMa. (Takoe i cymecTByeT: B KpallHeM ciliyuyae, €C/IM CHCTEMEHI Qj, d,;
ay, Qy, ag; ...; Q4 Qg ..., Qp_, JUHEHHO He3aBUCUMBI, TO { = k.) Torza
CYLIEeCTBYIOT He BCe€ paBHble HYJIIO YHCJA Cy, Cg, ..., Ci—y, C;, TaKHeE,
YTO BBINOJNHSIETCS PaBEHCTBO

¢y + ... +c4a,y+ca; =0.

Ecau 661 ¢; = 0, TO HeHyJseBble KO3(hdHILHEHTE! OblIH OBl CPENH Cy, ...,
C;—y U BBINOJHSANOCH OBl PaBEHCTBO

aa + .. +ca,—4 =0,

YTO 03Hayajo Obl JMHEAHYIO 3aBUCHUMOCTb CHCTEMbI @y, ..., @;. 4, HO 3TO
NpOTHBOpeunI0 Obl BEIOOPY uHcia (. 3HAUHT, ¢; 7= 0, U MOroMy

ap = May + Ay + o+ Aylyy, N
13



O6paTHo, u3 paBeHcTBa (7) mo cBOHCTBY | ciepyer snuHeliHas 3a-
BHCHMOCTb CHCTEMBI @y, g, ..., Qp.

M3 cBoiictBa 3 Jlerko cielyeT, YTO CHCTeMa BEKTOPOB aj, Qs, ...
.@p, k>1 Torga u TOALKO TOria JHHeHHO 3aBHCHMA, KOTAA XOTs Obl
OJIMH ee BEKTOp JIMHeHHO BblpaxkaeTcst uepe3 OCTajlbHble. B 3TOM cMbic-
Jie ¥ TroBOpAT, YTO NOHSTHE JIMHEHHOH 3aBHCHMOCTH 3KBHBAJIEHTHO MO-
HATHIO JIHHEHHOH BbIPaXKaeMOCTH.

CBoiicTtBo 4. Eciu BeKTOp x JHHEHHO BHIpAXaeTCs UYepes
BEKTOPbl CHCTEMbI

Ay ey Qyyy gy Qg ey Gy, (8)
a BEKTOD @; JIMHEHHO BbIpa)KaeTcs uepes3 OCTajbHblE BEKTOPH! CHCTEMEL
(8), TO BeKTOp x TaKKe JIHHEHHO BLIPAXKAETCS UEPE3 3TH BEKTOPHI CH-
ctembl (8).
B camom gene,

X=o4a;+ ... + 040+ o8 + o + . + %a, = +
+ ot at—ial—l + o (61‘11 + . + Bty + Brl-iarl-i + . + Bran) +
+ a’[+ial+i + + Cx'kak ﬁ]ai + Bgaz + + B 1—1Q;—1 +
+ 6i+lai+i + .+ 6hak‘

Tenepp MOXHO HOKa3aTh OIHY M3 Ba)KHEHLIMX TEOPEM O JIHHEHHOM

3aBUCHMOCTH BEKTOPOB.
Teopema 1. Eciu KaxAblfi BeKTOp JHMHEHHO HE3aBUCHMOH CHCTEMBI

ay, Qg ., G, )
ecThb JIMHeHHass KOMOMHALKs BEKTOPOB
by by oy by, (10)

To m < n. JIpyruMu cioBaMu, B JHHEHHO He3aBHCHMOH CHCTEME Bek-

TOpOB, AIBJSIIOMMXCA JIHHEHHBIMH KOMOUHALUSIMU /1 BEKTOPOB by, b, ...

.., b,, 4HCI0 BEKTOPOB He MOXKeT ObITb GoJiblue r.
HJoxasatenbctBo. l-# mar. [loctpoum cucremy

ay by, by ., b, (11)

n

[To ycnoBuio Kax<aplit BeKTOp cucTeMbl (9), B UAaCTHOCTH BEKTOpP @y, JH-
HefiHO BhIpaxkaercs yepes BekTophl (10), a moroMy cuetema (11) nunei-
HO 3aBucuMa. Ilo cBoiicTBy 3 B cucreme (11) uekoTopwii BeKTOp b;,
rie 1 < i < n, JuHellHO BBHIpa)KaeTCsl uyepe3 MpelIUECTBYIOUIHE BEK-
TOpBI, @ MOTOMY U 4epe3 BEKTOPbI CHCTEMBI

ai, bll; bév seey b;l—ls (12)

nonyueHHoit us (11) ynanenuem Bextopa b;. OTciofa mo cBOHCTBY 4
HMeeM: Kax[blii BEKTOp q; cHcTeMbl (9) JIMHEHHO BhIpa)kaeTcsi yepes
BEKTOpHI cucTeMbl (12).

2-1 w ar. [lpumensas Te ke pacCy:KJeHHs, uTO H Ha |-M ware, K
CHCTEMaM BEKTOPOB

a,, a; .., aq,

14



# (12) ¥ yuuThIBas, YTO CHCTEMA BEKTOPOB @,, @ JHUHEHHO HE3aBUCHMA,
MBI TOJNYUHM CHCTEMY BEKTOPOB

ay, by, be, ., bus, (13)

yepe3 KOTOpble JIHHEHHO BbIpaXaloTcsl BCe BEKTOPHl cHUCTeMbl (9).

Ecau jgonycTuTh, uTO M > n, TO, NPOJOJKAas 3TOT MpOLECC, Mbl
yepe3 n IIAroB Hcueprnaem Bce BEKTOPH by, by, ..., b, U MOJy4YUM CH-
cTeMy

a,

3

Ay Ay, ooy A, Ay, (14)
TaKylo, UTO KaxJblli BeKTOp CHCTeMbl (9), B UaCTHOCTH Q. JHHEHHO
BbIpaxkaeTcsl uyepe3 BeKTophbl cucreMmbl (14). Torza cucrema (9) okxasbl-
BaeTcst JIMHEHHO 3aBHCHMOMH, 4YTO INpPOTHBOpeuuT ycjoBuio. Ocraercs
NpPHHATb, 4YTO M < .

PaccMoTpuM Tenmepb, 4TO O3HAYaeT JIMHEHHAs 3aBHCHMOCTb BEKTO-
POB B pasjIMUHBIX NPOCTPAHCTBaX.

1. IlpocrpanctBo V4. Ecou cucrema IByX BEKTOPOB a U b JIHHEHHO
3aBHCHMA, TO @ = Ab wiu b = Ag, T. e. BEKTOpHl KoJJIHHeapHHl. Bep-
HO u ofpaTHoe. CucreMa Tpex BeKTOPOB IpOCTpaHcTBa V; JHHelHO
3aBHCHMA TOTAA U TOJbKO TOrAd, KOTAa OHH JieXaT B OJHOH IJIOCKOCTH.
(doxkaxwure!) Cuctema ueThblpex BEKTOPOB a4, @,, O3, Q, NPOCTPAHCTBA
V, Bcerma nuHefiHO 3aBuHcHMa. B camoM jgene, eciau Kakasi-nu6o
NOJCHCTeMA Halllell CHCTeMbl JIMHEHHO 3aBUCHMa, TO M BCS CHCTEMA JIH-
He#iHO 3aBucuMa. Ecyu ke HHMKaKasi coOcTBeHHasi MOJCHCTEMa He SB-
JisieTcsl JIMHEHHO 3aBHCHUMOH, TO IO MpelblAylieMy 3TO O3HAuyaeT, 4TO
HHKaKHe TPH BEKTOpa Hallled CHCTEeMBbl He JIeXXaT Ha OJHOH MJIOCKOCTH.
Torna u3 reomeTpuueckux cooOpakeHHH CJelyeT CYLIeCTBOBaHHE Be-
IIECTBEHHBIX uyuceNn Ay, A,, As;, TaKuX, UTO mapajnenenune] ¢ pebpa-
MH-BEKTOpaMH A4ay, A.Q,, Asa, OyZeT UMeTb JUaroHalb a,, T. €. Q, =
= )\qdi —I“ )»2&2 + 7»3613.

2. Ilpoctpancteo T,. JIuHefiHasi 3aBHCHMOCTb BEKTOPOB IpOCT-
padctBa T,, Kak CTPOK MaTpHIbl, pacCMaTpHBajnach HaM{ paHee IIpH
M3yUeHHH CHCTeM JIMHeHHBIX ypaBHeHHI. B cBs3u c atum Oylem cuu-
TaTb W3BECTHBIM, YTO MaKCHMajbHOE UHCJIO JHHEHHO He3aBHUCHMbIX
BEKTOPOB CHCTEMB!

e (STR ST o §

L (STHR ST S (15

a, = (cm» Ckzy cee gkn)’
T. €. CTPOK HJIH CTOJOLOB MaTPHUIbI

ST ST gin
Cot Cop oo §2n

cki Ckz e gkn ?

M=
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ecTb paHr matpuusl M (paur M). B uactHocTH, cucreMa BekTOpoB (15)
JIUHEHHO He3aBHUCHUMa, eClu paHr M = k, W JUHeHHO 3aBHCHMA, €CIH
pair M << k. Takum o6pasom, pellleHHe BONpoCa O JIHHEHHOH 3aBHCH-
MOCTH CHCTEMbl BEKTOPOB CBOAHMTCS K BLIUHCJIEHHIO paHra MaTpHIbL

YKaxeM, KaK MOXHO HalTH caMH 3aBHCHMOCTH (€CJAM OHH Cylue-

CTBYIOT), T. €. KO3((HUUUEHTH! Cy, Cy, ..., C, B PABEHCTBE

a4 + 60, + ... +ca, =0. (16)
YcnoBreM paBeHCTBA BEKTOPOB X = (L4, &y, oo, §,) U Y = (N4, Ny, ...
vy M,) U3 T, aABASIOTCS paBeHcTBA §; = m, mpu i = 1, 2, ..., n. Hy-
aem 0 mpocrpaHctBa T, siBasgercs Bektop 8 = (0, O, ..., 0). Orciona

cefyeT, uTo (BEeKTOpHOE) ypaBHeHHe (16) OTHOCHTENbHO HEH3BECTHBIX
4ucen cy, Cyy ..., C, PABHOCHJBHO CHCTEME ypaBHEHUH:

CuuCy + CosCo + oo 840, =0,

Cusly + Caalo + oo +Lpoc, =0,

inC1 + LanCy + oo +Lpuc, = 0.
Takum 0o6pas3oM, BONPOC O HAXOXKAEHHU JIMHEHHBIX 3aBHCHMOCTEH Mex-
Iy BekTOopamu B T, CBOAMTCS K PeILEHHIO ONHOPOJHOH CHCTeMbl ypaBHe-
Huil. B yacTHocTH, cucteMa BeKTopoB (15) 6yneT JuHelHO He3aBUCHMOI,
€CJIM TOCJEeNHSIsT CHCTeMa ypaBHEHHI HMeeT TOJbKO HYJIeBOE pellieHHe,
H 3aBHCHMOH B NPOTHBHOM ciyuae. IIpuMepoM suHeHHO He3aBHUCUMOMH
CHCTEMbl BEKTOPOB IIPOCTPAaHCTBA T, MOXKET CJYXXHUTb COBOKYIIHOCTb
BEKTOPOB:

e,=(1,0,0, .. ,0),

e,=0, 1,0, .., 0),
en=(0,0,0, ..., 1)
3. B npocrpanctBe C (a, b) snuHefiHash 3aBUCHUMOCTb BEKTOpOB
Xy =X,(), Xo=X5(l), o, X, = Xu(f)
03HayaeT, YTO COOTHOLIEHHE
cixy(t) 4+ cpxo(t) + .. FCpx,(t) =8

BBITIOJIHSIETCS] TOXKAECTBEHHO OTHOCHTENbHO ¢, @ < ¢ < b, IpPH HEKOTO-
PbIX MOCTOSIHHBIX Cy, C, ..., Cp, HE BCEX PABHBLIX HYJIIO; 31eChb 0 — QyHK-
uus, paBHasg Hymio npu JjwboMm ¢ € [a, b]. Hanpumep, dyHxuuu
xy (f) = sin® ¢, x, (f) = cos?t, x3(f) = 1 JnuHeHHO 3aBHCHMBI, TaK
Kak x; (f) + x, ({) — x5 (f) = 0. 3amerum, uto 1, ¢, £, ..., tF!
JUHEHHO HE3aBHCHUMBI, TaK KaK paBeHCTBO (mpu Jiro6oM GUKCHPOBaH-
HoM &)

Co- 14t +cpt? 4+ . ¢y th1=0

O3Ha4aeT, 4To C/JieBa Mbl UMEEM HYJIb-MHOI'OWIEH, H IMOTOMY Cy = C4=
= e = Ck—1= 0.
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Ynpamxuenusn

1. Cucrema BeKTOpOB x, Y, z JHHEHHO He3aBucuma. Byger jau nu-
HefiHO He3aBHUCHMOH cucreMa x + y, ¥y + 2, z + x?

2. Ecnu cucrema BeKTOpPOB @y, @y, ..., @, JUHEHHO He3aBHCHMA H
uncaa Ay, Ag, ..., A, OTIMYHEL OT HYJISI, TO H CHCTEMA A @y, Ay @y, ..., M40,
JIMHEeHHO He3aBHcHMa. JloKasaThb.

3. JlokasaTb, 4TO eclu CHCTeMa ai, Q,, ..., @, JUHEHNHO HEe3aBUCH-
Ma u b= Ma; + Ma, + ... + Aa,, To ykasaHHOe NpelCTaB/eHHE
BeKTopa b eIUHCTBEHHO.

4. JlokasaTb, YTO CHCTEMA UYeThHIpeX BEKTODPOB

a,=(1,00), a=0 1,0, a=(001, a=(@ 1, 1)

u3 T3 MUHEHHO 3aBUCHMa, HO JIIOOblE TPH U3 HUX JHHEHHO HE3aBHCHMEL.
5. [7], Ne 639—644, 665—669.
6. B nmpoctpanctBe C (@, b) B3ATH ueTbipe BeKTOpa:

X () =1 x, )=t x) =1 x()=1+1+2

Jlokasath, YTO CHCTeMa BCeX 3THX BEKTOPOB JIHHEHHO 3aBHCHMa, a JIo-
Oble TpH M3 HUX JHHEHHO He3aBHCHMEI.
7. [71%, Ne 1824—1828.

§ 4. BABUC JNIMHEAHOrO MPOCTPAHCTBA.
KOOPAUHATHI BEKTOPA OTHOCMTENIbHO BA3MCA

Onpenenenune 4. basucom unu kooplunamuot cucmemoul
JIMHEHHOro NpocTpaHcTBa R Hajl YHUCJIOBLIM MoJieM P Ha3bIBaeTcsl Takas
ynopsiloueHHas JTHHEHHO He3aBHUCHMasl CHCTEMa BEKTOPOB €y, €y, ..., €,
3TOr0 MpPOCTPAHCTBA, 4YTO MJIS BCSHKOro BekTopa x € R CYIIeCTByeT
JIMHEeHHOe TpefCcTaBjieHue

x =0 + e+ .. + €n6n7 (1)
rie &y, Gy, ..., £, € P.

Takum o6pasom, mo onpeleneHuio K 6Gasucy NpelbsSBASIOTCS JABa
TpeGoBaHUS: MNepBOe — BEKTOpHI, BXoAdline B 0asuc, JHHEHHO He3a-
BHCHMBI; BTOpO€ — KaxXAbli BeKTOp X € R JHHeHHO BbIpaXkaercs
uepe3 BekTophl 6asuca. ([TokakuTe HE3aBMCMMOCTb 3THX TpeGoBaHUMH
apyr ot apyra.) Ecau ey, e,, ..., e, — 6asuc, To Ko3pbuuHeHTH ;,

g ++oy bn IpeAcTaBneHus (1) HaxomsTCsA OZHO3HAyHO. B camoMm Jerne,
ecnu Obl JJ1s1 HBKOTOPOro BEKTOpPA X MOXKHO ObLio Obl HamucaTb, KpoMme
(1), opyroe mnpexncraBieHHe

X =M + M2 + . +Mp
TO, NPOU3BEAS IOWIEHHOE BbIUMTAHHE, [NONTYy4YHJIH OLI paBeHCTBO

G —mneg + G —moey + .. + (L, —m,)e, =0O.
Tak xax BEeKTOpHI ey, ey, ..., e, JHHEHHO He3aBUCHMbI N0 ONpENeNEHHIO
6asuca, TO OTCIOZA MONyYaeM, YTO Gy = My, Gy = Mgy ovy §p = Ny

1 B KBaJpaTHBIX CKOGKax AaH MODPSIAKOBHIN HOMEpP KHMTM B CITMCKE HCMOJb30BaH™
HOl JIHTEpPaTyphl, KOTOPHIA [aH B KOIILe MOCOGHS.
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Uucna &y, o, ..., &, B mpeAcTaBieHud (1) Ha3bIBAIOT KOOPAHHATAMH,
a Habop uucen

(Cp Ty - T
— KOOPJHMHATHOI CTPOKOH BekTopa x B Oasiice ey, e,, ..., e, MHoraa
3TOT Habop uuces Mbl OyleM 3amuChiBaTb B BulE
Ty
[
Cn

H Has3bBaTh KOOPJMHATHBIM CTOJOLOM BEKTOpa X.

[Tpumepun. 1. B mpoctpasctBe V, B KauecTBe Gasuca MOMXKHO
B3gTh JitoOble TpH BEKTOpa, He Jiexalllue B OAHOH miocKocTd. ([oka-
xKurel)

2. B npocrpanctBe T, 6a3uc COCTaB/]sIOT, HamnpuMep, BEKTODHI

ee=(,0,0 .. ,0), ¢,=(0, 1,0, .,0), .., &,=(0, 0, 0, ..., 1).

B camom AeJie, yKasaiHble BEKTOPbI JIMHEHHO He3aBHCHMbI, KpOME TOrO,

Ans qo6oro Bektopa x = (&4, &,, ..., §,) UMeeT mMecTo
x=8(1,0 .,0+5,0O L, ... 04+ .. +E,00 .., )=
=Gy + Goly + . + gnen- (2
U3 (2) caenyer, uto kommnoHeHTsl {4, Ly, ..., G, BekTOpa x € T, sBas-

I0TCH ero KOoopAMHAaTaMH B yKasaHHOM Oasuce. 10T 6asuc Has3LIBAlOT
HHOrZa craHjiapTHeiM. B mpoctpanctBe 7', MOXKHO yKasaTb GecKoHeu-
Hoe MHoxecTBo OasucoB. Hanpumep, 6asucom T, OyayT BeKTOpHI:

er=(% 0, ., 0, =0, B o, O e , €. =(0 0, . , y),

ree o, f, ..., Y — NPOHU3BOJNbHBIE, OTIHYHBIE OT HYJIS BelleCTBEHHbIE
ypca.

3. R — nuHeliHOe NMPOCTPAHCTBO MHOIOWIEHOB OT { CTENeHH <N —
— 1. OnuuM u3 6a3HCOB 3TOrO MPOCTPAHCTBA SIBASIETCS: € = 1, ey =
=1, e,=1?% ..., e,_={""!. JluHe{iHass He3aBHCHMOCTb 3THX BEKTO-
poB otmeuasnack panbine (§ 3); KoopAuHaTamMu MHorouneHa f(f) =
= ay + a;t + ...4a,_,t""' B aToM Gasuce GyAyT ero Ko3ppulLHEHTH!
Qy, Ay, Qg ooy Apye , , ,

Hpyro#i OGasuc: e;=1,¢e =t—a, e,=(t—a)? ..., e, _, =
= ({ — a)""!, rle a — NMpOU3BOJILHBLIH MHOrOWIEH HYJIEeBOH CTeleHH,
T. €. Jio6oe, He paBHOe HyJ0 ukcao. Tak Kak no dopmyJe Teinopa

10 =f@+ Fax —a + 52¢ —ap + .. +I=0¢—ay—

TO B yKasaHHOM 0asuce xoopauHaTamu MHorounesa f (f) 6yayt uucna:

(a) )
@[ (a) e T
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4. R — nuHefiHOe TNPOCTPAHCTBO BelECTBEHHBIX KBaJpaTHBIX Mart-
pull mopsigka n. Basuc 3TOro mpocTpaHCTBa COCTABJSIOT n? MaTPHIL
E;, i,j=1,2, .., n; E;;ectb MaTpuua, B KOTODOil 3JEMEHT a;; =
="1, a ocTajbHble 3JeMeHThl HYJH. JIMHeliHas He3aBUCUMOCTb yKasaH-
HBIX 12 MaTpHll JIErKO IPOBepsIeTCsl Ha OCHOBe onpenenenus 3. Kpome
Toro, Juisi JiroGoii MaTpullbl A mopsiika n

Ay - - - Qyp

Ao4Qoy . .. Ay,
A 21722 2; =a“E“ —l—aiinz—l—o--‘I_ainEin +.

Il

Q- - - Qnn

_l_ al‘ll‘l Enn-

5. B mpoctpanctse C (a, b) Her 6asuca B cMeic/e onpeleneHHs 4.
B camom jene, anasi Jo6oro HaTypadbHOro n, GyHkuuu f, (f) = 1,
f1(®) =t ..., [n (f) = t™ nuHeliHo HesaBucumsl. OTClIOZa © U3
Teopembl 1 crepyert, uto B C (a, b) Her Gasuca.

Teopema 2. Ecnu npoctpaHcTBo R uMeer 6a3uc U3 n BEKTOPOB, TO
BCSIKasA JIMHEHHO He3aBHCHMAsi CHCTEMa H3 1 ero BEeKTOPOB TaKKe sB-
asiercss 6asucom.

HokasateabcTBo. Ilycts ey, €, ..., 6,—6asuc npocTpan-
ctBa R u

Qy, Ay, . . 4,

— Jo6asi TMHeHHO He3aBHCHMAasl CHCTeMa ero BeKTOpPOB. DTa CHCTeMa,
6yayud JHUHEHHO He3aBHCHMOH, YAOBJIETBOPSIET NMepBOMY TPeGOBaHHIO
onpefiesennsi 6asuca. [TpoBepum BTOpoe TpeGoBanue. ITycTh ¥ — mpo-
u3BONIbHEIA BekTop M3 R. CHcTema BeKTOpOB

Qyy Qgy vy Qpy X

n'

JMHEHHO 3aBHCHMA, TaK Kak B IIPOTHBHOM cjyuae no teopeme | OblL10
66l n + 1 << n. Orclofa no CBOHCTBY 2 JIMHEHHOH 3aBUCHMOCTH MMEEM:

BEKTOP X JIMHEHHO BHIpaxkaeTcs yepe3 BEKTOPHl @y, Qy, ..., A,. leopema
JIOKas3aHa.
Teopema 3. Ecnu ay, a,, ..., a, " by, b,, ..., b, — IBa 6asuca He-

KOTOpPOro JIMHEHHOro npocTpaHcTsa R, To m = n, T. €. Bce 6a3uchl Ju-
HeMHOro npocTpaHcTBa R COCTOAT M3 OAMHAKOBOIO YMCJIa BEKTOPOB.
CnipaBeJJIUBOCTb 3TOrO YTBep:KJAeHUS ciaefyeT u3 Teopembl 1. Tak

Kax ay, a,, ..., @, — 0a3uc, TO 3Ta cHcTeMa JHHEHHO He3aBHCHMA; TaK
Kak by, by, ..., b, — 06a3uc, To KaxIblil BEKTOp ay, ay, -.., 4, JHHEHHO
BbIpaxkaercsl uepes BeKTOpHl by, b,, ..., b,. Toraa mo Teopeme 1 noay-

yaeM m < n. BropuuHoe npumenenue teopems! 1 paer n < m.Ortcrona
m = n.
[lycte ey, e,, ..., e, — 6a3uc JuHeliHoro npoctpaHctBa R. Eciu

X=Ce+ e+ ...+ e, u y=me + e+ ...+ M8,
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TO

xX+y=C+ne+EC+n)e+ ... + € +nden
Ax = (ML) ey + (AL ey + ... + (AL, e,

Takum obpas3oM, npud PUKCHPOBAHHOM Oasuce ClIOXKeHHe BEKTOPOB
NPOCTPaHCTBA R M YMHOXKEHHE BeKTOpa Ha YHCJIO A CBOAMTCS K COOT-
BeTCTBYIOUIUM OIlepalusM HaJ KOOpAWHATaMH, T. €. JUHeHHoe Ipo-
CTPaHCTBO, HMemomee 6asuc, apupMeTH3UpyeTcs.

Teopema 4. CucTeMa BEKTOpOB

ay, Qg ..., Q 3)

npocTpaHcTBa R, umetomero 6asuc, JHHEHAHO 3aBHCHMa TOrJa U TOJBKO
TOrla, KOrja JIMHEHHO 3aBHCHMa CHCTEMa KOODAMHATHBIX CTOJIOLOB
BeKTOpoB (3) B KakoM-iH60 6asuce mpocTpaHcTsa R.
IJokasarteabcTBo. [lycts ey, €,, ..., €, — KaKOU-HUOYIb
6asuc npocrpanctBa R. Toria umeloT MecTo JIHHeHHbIe NpeACTaBleHUs
BEKTOpPOB (3):
ay = Cyey + Lpey + .o + Ly,
Ay = Lyiey + Loty + .o . + Loney @)

A, = Cpeey + Cpolo + .. +Cpulp
Jas pemeHuss Bompoca O JIMHEHHOH 3aBHCHMOCTH CHCTEMbl BEKTOPOB
(3) HaM HYXKHO peIlIHTb BEKTOPHOE ypaBHEHHE:
cay +ca, + ...+ ca, = 6.

INoacraBasisi B 3TO paBeHCTBO BMECTO @; X BblpaKeHHs U3 (4) U MOJb-
3ysCb NMPaBOM MPOU3BOAHMTH ONepalui Haj KOOpAHMHATAMH BMECTO CO-
OTBETCTBYIOIIMX OMNepalyii Hall BEKTOPAMH, MOJYYHM:

(Cusey + CosCo + - o+ CpiCr) g + (CioCy + Conla + -+ - + TpaCr) €a +
4o+ Gy F G+ L) e, = 0.

Tak Kak cucreMa BeKTOPOB ey, €y, ..., €,, OyAyud 6asucoM, JHHEHHO
HE3aBHCHMa, TO NOC/eLHee PaBEeHCTBO HMeEeT MeCTO TOrJa U TOJbKO TOr-
Ja, Koria

Cusly 4 CosCy + oo« + i, =0,

Ci?.ci —+ szcz +...4+ Ckzck =0, (5)

. . e e
.

CinC1 + Conto

.. + gknck = .
Orciofa u u3 ompefiesieHHst 3 WMeeM: CHCTeMa BeKTopoB (3) nmuHelHO

3aBHCHMa TOTAa M TOJNBKO TOrJa, KOrja cucreMa ypaBHeHHi (5) OTHO-
CHTEJIbHO HEH3BECTHBIX Cy, Cy, ..., C, HMEET HeHyJeBoe pelrenue. [lo-
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c/lefiHee MMeeT MeCTO JIMLIb B TOM Cjyuae, KOTAa paHr MaTpuuel M, co-
CTaBJIeHHOH U3 K03(ULHEHTOB cucTeMbl (D), MeHbLIe YuCIa HEH3BECT-
HBIX k. A Tak Kak paHr MaTpUIB! PaBeH YUCHY ee JHHeHHO He3aBHCH-
MBIX CTOJIOLOB, a cTosjbuaMu MaTpuubl M SIBASIOTCS KOODPAHHATHBIE
ctonbubl BekTOpoB (3), To panr M << k o3HauaeT JIHHEHHYIO 3aBHCH-
MOCTb CHCTEeMBI KOODAHHATHBIX CTOJIOLOB BEKTOPOB @y, Gy, ..., Q. DTHM
TeopeMa JoOKasaHa.

CnenpcrtBue l. MakcumanbHOe YHC/IO JIUHEHHO HE3aBHCHMBIX
BEKTOPOB CHCTEMBI @y, Q,, ..., @ NPOCTPAHCTBAa R, wuMmeromero 6asuc
ey, €y, ..., €,, PABHO paHry MaTpuibl M, cocTaBleHHOH U3 KOODAMHAT-
HBIX CTOJIOLIOB BeKTOPOB 3ToH cucTeMbl. ([lokaxuTtel!)

CnencrtBue 2. CiucteMa n BEKTOPOB NPOCTPaHCTBa R, HMelo-
wero 6asuc ey, e, ..., €,, JHHeHHO He3aBHCHMa TOTAa U TONBKO TOTJA,
Korza MaTpuua M, cocTaB/eHHas: U3 KOOpAHHATHBIX CTOJOIOB 3THX BeK-
TOPOB OTHOCHTENBbHO JaHHOro 0asuca, SIBASETCS HEBLIPOKIEHHOM.

Sameuanue 3HaueHHe TeopeMbl 4 3aK/IlOYaeTcss B TOM, YTO
OHAa CBOAHMT BOINPOC O JIHHEHHOH 3aBHCHMOCTH CHCTEMbl BEKTODPOB NPOH3-
BOJILHOTO JIMHEHHOro NpocTpaHcTBa R, uMelomero 6asuc, K BOHPOCY
0 JIMHEHHOH 3aBHCHMOCTH CHCTeMbl BEKTOPOB apH(METHUecKoro mnpo-
crpauctBa T,

ITpumep. Bektoph ay, a, @3, @, U X HEKOTOPOro NpPOCTpPaH-
ctBa R UMET B KakKoM-iubGo Gasuce KOOpAHHATHbIE CTPOKH:

a: (1,2,—1,—2),
a,: (2, 3,0, —1),
a;: (1,2, 1, 4),

a,: (1,3, —1,0),
x: (7, 14, — 1, 2).

[loxkasatb, uTo @i, @, @5, @, — 6a3uc MpocTpaHCTBa R, WU HaiiTu
KOOpAMHATH BEeKTOpa X B 3ToM Oasmuce.

Pemenue. [lo udcny KoopAuHAT y HAaHHLIX BEKTOPOB 3aMeua-
eM, uTo Gasuc mpocTpaHcTBa R COCTOMT u3 4 BekTOpoB. Ilo Teopeme 2
LJIsl pellleHHs] MepBOrO BOMNpOCA 33aJauM JOCTATOYHO [OKAa3aTh JIHHeH-
HYIO HE3aBHCHMOCTh CHCTEMBI BEKTOPOB @4, Ay, A3, Ay, AJ15 UETO TIO Clel-
CTBHIO 2 M3 TeopeMbl 4 HYXHO NOKasaTh, YTO PAHT MAaTpHILb!

1 2 1 1

2 3 2 3
M={_1 01 —1
—2 —1 4 0

paBed 4. [l oTBeTa Ha BTOPOH BONPOC HaM MOHANOOHTCS pellHTb
ypaBHeHi1e

X = §1a1 "I‘ Czaz + €3a3 ‘|‘ §4ag (6)

OTHOCHTEJIbHO Heu3BeCcTHbIX Gy, Gy, 3y G4
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YpaBHeHue (6) paBHOCHJIBHO CHCTeMe:

§1+2§2+ €3+ §4= 7,

2€1+3§2+2€3+3§4= 14,
‘—Ci + C3— €4=_1,
—2§1— §2‘|‘4§3 = 2
Pemaem sty cuctemy ypaBHeHH#l B MaTpH4HO! dopMe:
1 2 1 1 7 ‘1 2 1 1] 7
2 3 2 3| 14 0 —1 0 1]0
—1 01 —1|l—1]710 2 2 0| 6]
—2 —1 4 0] 2 0 3 6 2|16
1 0 1 3|7 1 0 0 2] 4 1 0 0 0]0
0—1 0 1|0 01 0-—1| 0 0 1 0 0|2
~10 0 2 2{6)7{0 0 1 Il 3)71{0 0 1 O}l
0 0 6 5|16 0 0 0 —1]—2 0 0 0 1}2

Orciona BUIHO, UTO paHr MaTpullpl M paBeH 4, a NOTOMY cHCTeMa BeK-
TOPOB a4y, a,, a;, a, fBAseTcad 6asucom npocrpaHcTea R. Kpome Toro,
No MocjefiHell MaTpHLE HaXOAUM:

=0, 5H=2 §=1 =2
Ynparmunenusn

(71, Ne 1277—1278;
[10], Ne 881.

§ 5. PASMEPHOCTb JIMHEMHOTO MNMPOCTPAHCTBA

Onpenenenue 5. JluHeliHoe NMPOCTPaHCTBO R HaswbBaeTcd
n-MEpHbIM, €C1H B HeM BbINOJHHMBlI aKCHOMBbI:

IV. 9°. B mpoctpancTtBe R cyliecTByeT XOTs Obl OfHA JIHHEHHO He-
3aBHCHMasi CHCTeMa A1 BeKTOpOB.

10°. Bcsikast cucrema n + 1 BEKTOpOB NpoCTpaHCTBa R JIMHEHHO
3aBHCHMA.

Uxcno n npy 3TOM HasbIBaeTCs pasMepHOCMsr0 MPOCTPaHCTBA R H
o6o3Hayaercst yepe3 dim R. JIuHefiHOe MpPOCTpaHCTBO R pa3MepHOCTH
n Oynem o6osnauatb R,. IlpocTpaHcTBa, B KOTOPBHIX MOXKHO yKasaTb
KaK YroiHo OosblIOe YUCIO JIMHEHHO HE3aBHCHMBbIX BEKTOPOB, Hasbl-
BaloTCA Oeckoreuromeproimu. IIpUMEpPOM Takoro NpoOCTPaHCTBA MOXKET
cnyxuthb mnpocrpaiHcteo C (a, b).

Teopema 5. JlunefiHoe npocTpaHCTBO R  SBJsSeTCsS n-MepHBLIM
TOrAa U TONbKO TOTAa, KOTAa B HeM CyliecTByeT 6asyuc U3 n BEKTOPOB.

HJoxasarteabcTBoO. [lyctb R — nuHeliHoe NPOCTPaHCTBO,
pasmepHocTd n. [lo onpefenenuio 5 B R, CyLIecTByeT CHCTeMA €y, €y, ..
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.., €, U3 n JUHefIHO He3aBHCHUMbIX BeKTOpOB. EciH x — HeKoTOpbIH
[IPOH3BOJIBbHBIA BeKTOp U3 R,, TO cucTeMma ey, €y, ..., €,, ¥ u3 n + 1
BEKTOPOB [0 OMNpefleleHHI0 & JHHel#Ho 3aBHcuMa. Ilo  cBOHCTBY
2 JuHeHHOH 3aBHCHMOCTH BEKTOPOB IOJyyaeM, YTO BEKTOpP X JHHEeHHO
BbIpaXaeTcsl yepe3 BEKTOPHI €4, €,, ..., €,, KOTOpble B COOTBETCTBHH C
onpepeneHneM 4 o6pasyioT 6asuc nmpocTpaHcTBa R,.

OGpatHo, mycTb NPOCTPAHCTBO R uMeeT 6a3UC U3 7 BEKTOPOB €y, €,,...
..., &, CuenoBatenbHo, ycioBue 9° ompeleneHust 5 BeimosHeHo. [lo-
Ka)KeM, YTO BBbIMOJHsieTCs Takxke W ycnosue 10°. HomycTuM, uto B R
CyLIeCTBYeT JHHEHHO He3aBUCHMAas CHCTeMa BEKTOPOB Qy, g, ..., Gp4q-
Tak Kak Kax[blif BEKTOp @; Bblpa)kaeTcsl uepe3 BeKTODHI €y, €y, ..., €,
(no oripemenenuto 6asuca), To no TeopemMe 1 MBI NMPUXOAMM K abcypRy
n -+ 1< n. OtuM TeopeMma JoOKasaHa.

Hcxons u3 onpefiesieHuss 5 UM UCIOJAb3Ys TeopeMy O, JIETKO ycTa-
HOBHTb, YTO INpoOCTpaHcTBo V', TpexmepHo, V, ABymepHo, V,; ofHo-
mepHo, T, WMeeT pasMepHOCTb n. [TpOCTPAHCTBO MHOrOY/IEHOB CTere-
HH < n $BAsieTCsl n -+ l-MepHbIM, NpPOCTPaHCTBO KBaJpaTHHIX Mar-
DHL MOPsiAKa n HMeeT Da3MepHOCTb n2

YnpamHuenus

1. Kakum noa:kHO ObITh uncao §, uTo6bl cHcteMa BekTopoB (0, 1, ),
& 0, 1), (C, 1, §) 6bln1a Gasucom B T'g?

2. JlokasaTb, 4TO COBOKYIIHOCTb CHMMETPHUECKHX BeIleCTBEHHBIX
MaTpUll Mopsiika n obpa3yeT JHHefiHOe MpPOCTPaHCTBO Haj nojeM D,
ec/IM 3a OMepalyy B3sTh CIOXEHHe MaTPHIL M YMHOMXKeHHEe MaTpHLbl Ha
JeficTBuTeNbHOE uncso. Haiitu 6asuc 4 pasMepHOCTb 3TOro NpocTpaH-
CTBa.

3. Te xe BOMpOCHl JJif COBOKYMHOCTH KOCOCHMMETPHUYECKHX MaT-
pHIl TMOpsifiKa n (T. e. MaTpul (a;;), Yy KOTOPbIX @ = — Qp).

4. Haiith kakoii-uuOyap 6a3uc U pasMepHOCTb JHHEHHOro mpo-
CTPaAHCTBa, COCTOSILIIEr0 M3 BCeX BEKTOPOB NpOCTpaHcTBa T ,, KOMIO-
HEHTbl KOTOPHIX YAOBJETBOPSAIOT YPaBHEHHIO Xy + X5 + ... + X, =

5. PaccMOTpHM MHOXECTBO BCeX Tex BekTopoB u3 T, Kaxaas
KOMMOHEHTa KoTopbix paBHa 0 qubGo 1. CkonbKO pasmuyHbIX 0a3ucoB
npoctpaHcTBa T, COAEPKMUTCH B 3TOM MHOXeCTBe?

8§ 6. UBOMOPMU3M JIMHEMHLIX NMPOCTPAHCTB

o 1

Onpepenenue 6. [IBa nuHeliHbIX npocTpaHctBa R M R

Haj nojieM P Ha3bBAlOTCA U30MOPGHbIMU, €CIH MEXAY HHMH MOXHO
YCTAaHOBHTb B3aHMHO OJHO3HAyHOEe COOTBETCTBHE

xex, (XER, X' €R),

Tak 4TO
x4+ =x"4+y, Ax) =Ax )
AJist JIoObIX BEKTOpOB x, ¥ € R u moboro A € P.
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Ecnu ykasaHHoe cooTBercTBHe 0003HaunTh GykBo#i @, TO BMeCTo
x" MoxXHO 6yneT nucath @ (x) u ycnosus (1) 3anuiyTcs B Bule

O+ =W +0@), ®Ax)=rD(x).

OTMeTHM HeKOTOpble CBOHCTBA H30MOpP(H3Ma INPOCTPAHCTB.

Cso#ictBo 1. Ilpu usoMoppHOM COOTBETCTBHH ABYX IPOCT-
paHcTB R u R’ npousBo/IbHOH JIMHEHHOH KOMOHHALMH BEKTOPOB IIpoO-
CTpaHcTBa R COOTBETCTBYeT TaKasl »Ke JIMHeliHasi KOMOHHalMsi BEKTO-
poB mpocTpaHcTBa R’.

B camom Jene, mycTs npu usomopbusme @ BEKTOPHI @y, Qg ...y Qp
IPOCTPAHCTBA R INepeXOAsiT COOTBETCTBEHHO B BeKTOPHl by, by, ..., b,
npoctpauctea R, T.e. ®(a) = b, i=1, 2, ..., m. Torda u3 ompefe-

JeHusi 6 MHAYKUHEH N0 m mnonydaem:
@ May + Mgy 4. . . + Ajpa,) = O (May) + O (Aay) 4 ... + @ (Aya,) =
=MO (a) + AD (@) + ... + A, D(@,) =A by + Aby + ... + A0,

Orciona, B 4YacTHOCTH, ciefyer (mpu Ay = A, = ... = A, =0)

CBofictBO 2. [lpu H30MOpPHHOM COOTBETCTBHH JABYX IIpOCT-
PaHCTB HYJIEeBOMY BEKTOpY COOTBETCTBYeT HYJIEBOH BEKTOp.

CBoiictBOo3. [lpu usoMopdusMe JNuHeHHO He3aBUCHMAS CH-
CTeMa BEKTOpPOB MepexOf4T B JIMHEHHO HEe3aBUCUMYIO CHCTEMY Bek-
TOpOB.

Ilycts BekTOpH a4, @y, ..., @, NMPOCTPaHCTBA R JHHEHHO He3aBH-
CUMBl M Tpu H30Mopdu3Me D 1epexoAsIT COOTBETCTBEHHO B BEKTOPHI
by, by ...y b, € R, Tak ut0 (@) = by i = 1, 2, ..., m. [TycTb Mex-

ny BeKTopaMu by, by, ..., b, ¥UMeeT MeCTO JMHe{HOe COOTHOLIEHHE
Mby + Agby + ... + A0, = 6’ rie 6° — Hyap mpoctpaHcTBa R'.
Torzma no cBoficTBam 1 1 9 JJ1sl BEKTOPOB a4, Q,, ..., &,, OYJeT BBIIOJ-
HATBCS COOTHOIIeHHe Agay + Aya, + ... + Aa, =0, rie 6 — Hysb
npoctpanctBa R. Ho cucrema BeKTopOB ai, Qg ..., @, JUHEHHO Hesa-
BMCHMa, 3HAuuT, Ay = A, = ... = A, = 0.

W3 cBoiictB 2 11 3, B qacmocm, clefyeT, yTo NpU U30MOpdHU3ME ABYX
NPOCTPAHCTB BCAKME 6a3uc OXHOrO NMPOCTPAHCTBA IMEepeXoAuT B 6asuc
Jpyroro.

Teopema 6. JlioOble IBa n-MepHBIX JIMHEHHBIX LpOCTpaHcTBa R,
u R u3oMopdHbl Haj OAHMM mosem P.

JloKkasaTeabCTBO. 3adurcupyem Kakue-HHOYAb 6asucet
npoctpaHcTB R, u R: ey, e;, ..., €, u e}, e, .., e, Bsaumuo
OJIHO3HAYHOEe COOTBETCTBHE MEXIY npOCTpaHCTBaMH R, u R, ycraHo-
BUM clefynomuM crnocoboM. ITycTh x — npousBONBHBIA BEKTOpP IIpO-
CTpaHcTBa R,, npuueMm

x="0e + Gty + ...+ e,

Bektopy x € R, mocTaBuM B COOTBETCTBHE BeKTOp x' € R):
X =G +8e+ ... +8e,,
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Takum obpasom, Bektop x' B 6asuce e, e,, ..., €, HMeeT Te Xe KO-
OpAMHATHI, YTO U BeKTOp x B Gasuce ey, €y, ...,€,. SICHO, 4TO yCTaHOB-
JEHHOe 110 3ToMy npaBuay cootBeTcTBHe D (x) = x’ BEKTOPOB NpOCTPaH-
ctB R, u R, 6yleT B3auMHO OJHO3Ha4HbIM. OCTaJOCh NPOBEPUTD, UTO
cootBerctBue @ nofuuHsieTcss ycnoBUsAM uH3omopdusma (1).
ITycTs
x=be+0e+...+0en Y=1e+ Mo+ ... +ne,

— TNPOH3BOJIbHBIE BEKTOPBI NPOCTPAHCTBA R, H
=x+y=E+n)e+G+m)e+... +E + e,
O6o3HauuM uepes x’, ¥’, 2’ BEKTOpbl NPOCTPAHCTBA R,’, COOTBETCTBYIO-
e BEKTOpam x, ¥, 2z, T. €.
X' =0(x)=Ce + ey, +... 4 Ce,,
Y=O(y) =ne + ey + ... + n,,e,; ,
Z2=D@ =G+ 7]1)61' + (& + rlz)e;‘f‘ (T 7],1)3;.
3ameuaem, 4TO
Ox+y)=0@=2=x"4+y =0(x)+ ()
T. e. l-e ycioBue (1) onpenenenus 6 BeinosHeHo. Kpowme Toro,
@ (Mx) = ALse; + Migey - ..+ AL,e, = AD (x),

T. €. BBINOJIHEHO U 2-e ycioBue (1). DTuM TeopeMa JokasaHa.

ITycts R, — HEKOTOpoe n-MepHOoe JIMHeHHOe IPOCTPAHCTBO Haj
noneM D BelllecTBeHHBIX yuces, 7', — apU(dMeTHUeCKOe NPOCTPaHCTBO.
Torpa us teopemnl 6 umeeM

CnenctBue Bcsakoe n-MepHOE JHHEHHOE NMPOCTPAHCTBO Haf
nonem D usomoptHo mpoctpaHctBy T,.

§ 7. NIPEOBPA3ZOBAHUE KOOPOMHAT BEKTOPA
NPU U3IMEHEHMHU BA3UCA

[lycts R, — nuHeliHOe MpPOCTPAHCTBO Hafl nojeM P H ey, ey, ...
v €y €, €y ..., €, — JBa ero 06asuca. YCJIOBHMCS NepBEIi U3 3THX
6a3uCcoB Ha3blBaThb «CTapbiM», BTOPOH — «HOBbIM» K 00CO3HayaTb COOT-

BeTcTBeHHO yepes {e} u {e’}. Tak kak {e} u {€’} — 6asuchl, T0 UMEIOT
MECTO OJHO3HAYHble MNpPEeJCTaBIEeHHUS:

x=Ce, + ey + ...+ 8, =0 +Ce5+...+C e, (1)

rae &y, Gy ..., §, — KoOOpAMHATH BeKTOpa x B Gasuce {e}, a {,, Cor oo
.., §, — ero KoopAuHaThl B Gasuce {e'}. 3ajaya COCTOMT B BbIUMCJIE-

HUH KOODAHHAT BEKTOpa X B OAHOM 0asuce MO H3BECTHLIM €ro KOOpAH-
HaTam B ApyroMm 6asuce.
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Kak u Bce BeKTOpbl MpOCTpaHCcTBa R,, BekTophl Oasuca {e'} on-
HO3HAYHO BLIPAXKAIOTC Yepe3 BeKTOPbl Oa3uca {e}, Tak 4TO MOXKHO

3amnycarTth:
€, = Tyl + Tyls + ... + Tply,
€9 = T12€y + Taply + o0 = T8y, )

’

ey = Tin€1 T Toula+ ... +Tane,,

rje T;; — YHCJa OCHOBHOrO noisi P.
Marpuua

TyyTyp -+ - Typ

To1Tog - -« Top

T =

Ty Tno -+« Tan

Ha3bIBaeTCsl MaTpHLlel Nepexofia oT Gasuca {e} k Gasucy {e’}. 3amerHM,
yto cToOIGUAaMH MaTpuubl T ABNSIOTCA KOOPAHHATH BEKTOPOB €, ...

-.., e, B Oasuce {e}. Hanpumep, ecnu ans BekTopoB Oasuca e, e,, e,
OyZer:

e,= 5e, + e, 4 2e,,
e, = 2e, — 3e, — 10e,,

’

e, =—2e +e,—e,,

TO MaTpulleli nepexofia or Gasuca {e} K Gasucy {e'} Gyner:

5 2 —2

T=(1 —3 1

2 —10 —I1
Bripasum koopauuatsl i, Cé, . §,'l yepe3 KOOpAUHATH Ly, sy, ...
«.., §,. TNoacraBus B (1) BMecTo e, e,, ..., e, HX BbIpaK€HMs uyepes

ey, €y, «.., €, U3 (2), MOSYUUM:

X=Ce;+ Loy + ..+ Lol =T (Tl + Tyl + .o+ The,) +
+ o (T1o8y + Tonlp + ... + Tp0€,) +
+ g,; (Tinei + TZneZ + ce. T'men)‘
Tak Kak mnpejcTaBjeHue BeKTopa x B 0a3uce {e} eIHHCTBEHHO, TO
Ko3(ppuuuentsl &y, o, ..., §, MpHu €y, €,, ..., €, B JI€BOH 4YaCTH 3TOro
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PaBeHCTBA DaBHbI COOTBETCTBYIOUIUM KO(DQUUHEHTAM [DH €y, €y, ---
.., €; B NPaBOH yacTu, T. e.

G =l + 1l + .o Tl

Cz = Tzig{ -+ Tzzgg -+ ..+ Tz,zg,, s

e e 3)
Cn = Tnié{ + TnZZ;QI + e + Tnnc; .
PaBenctBa (3) MOXKHO 3anucaTh B MaTpU4HOH ¢opMe Tak:
&y g
CZ CQ
=T . “)
Cn &/,

WIH ecsii 0603HaunTb yepe3 X CTOAGEl KOOPIAMHAT BeKTOpa X B 6a-
suce {e}, a uepe3 X; — cronbel KOOPAMHAT TOro e BeKTopa B Gasuce
{e'}y, 10

X=TX, 5

Takum oBpasom, crosnber KOOpAWHAT BekTOopa x B Gasuce {e} pa-
BeH cTo/nOly KOOpJAMHAT 3TOro BeKTopa B 6asuce {e’}, yMHOXKEHHOMY
cneBa Ha matpuny I nepexofa ot Gasuca {e} k 6asucy {e'}.

M3 paseHcTBa (5) Jlerko Mo/iyunTb TaKKe BblpaxkeHHe BeKTopa X
uepe3 X. B camom gene, mo cieiactBuio 2 u3 Teopembl 4 matpuuna T
HeBBIPOXKJEHHast, a NOTOMY HMeeT oOpaTHYIO. ¥ MHOXKasi o0e yacTH pa-
BeHcTBa (D) Ha Matpumy 7!, mosydumm:

Xi == T—IX.

ITpuwmep. Haiitu matpuny nepexopa ot Gasuca ey, €,, €3 K Ga-
3ucy e, e,, e, npoctpanctea T3, eciu

e, =(1,2,1), e =(,1,4),
e, = (2, 3, 3), e, = (5 2, 1),
e;=(3,7, 1), e, = (1,1, —6).

P ewenue Hafizem nuneliible BolpaXkeHHsi BEKTOPOB e, € e, ue-
pe3s BEKTOPHI e, €, €; Tak Kak no ycJoBHIO BeKTOpH {e} o6pasyioT
Gasuc npoctpaHcTBa T, TO 5TH JIMHEHHbIE NPEJCTABNEHHs CYILIECTBYIOT
¥ €LAMHCTBEHHBl. Y paBHEHHUS

€, = Tye; + Tyl + Tyey,
€, = Typy + Tyl + Typy,
€y = Tysy + Tos€, + Tssls
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PaBHOCHUJIbHBI COOTBETCTBEHHO CHCTEMAM ypaBHeHHﬁI

Tyy + 2Tgy + 373 = 3,
2ty + 31y + Ty =1,
Ty + 3Ty + Ty =4,

Typ + 2Ty + 375 = 5,
2Ty + 3Ty + 15, =2,
Typ + 3T + T =1,

Tz 1 2Ty + 3733 = 1,
2Ty3 + 3y + 1133 = 1,
Tz + 3Tp3 + Ty = —6.

JleBBle YacTH 3THX CHCTEM OTJIHMYAIOTCS JHUIIbL OGO3HAUEHMSIMH HEM3-
BECTHbIX, a MpaBbleé YaCTH pasiuuHbl. [JO3TOMY mNpoOuEcC OThLICKAHHUS
pelieHH# MeTooM ['aycca MOXKHO 3amucaTh OJHOBPEMEHHO JJisi BCeX
cucTeM B MaTpuuHOil cxeMe. ITosmyuaem:

1 2 33 5 | 1 0 0|]—27 —71 —41

2 3 711 2 1 |]~|0 1 O 9 20 9

1 3 1|14 1 —6 0 0 1 4 12 8/.
Orcrona

e, = — 27e,+ 9e, + 4e,, — 27 — 71 —41

e, =— Tle;+20e, 4+ 12¢;, T = 9 20 9

e, = —4le; + e, + 8ey. 4 12 8/.

Ynpawmnenus

(71, Ne 1281, 1283, 1284;
[10], Ne 882.

§ 8. NOANPOCTPAHCTBA JIMHEWHOIO MPOCTPAHCTBA

Onpepnenenue 7. [loaMHOXKeCTBO [ JAaHHOrO JIHHEHHOro
NpOCTpaHCTBa R HajJ nosneM P HasblBaeTcs JIMHEHHBIM MOANPOCTPAHCT-
BOM HJIM IPOCTO MOAMPOCTPAHCTBOM MPOCTPAHCTBA R, eCIH OHO CaMo
SIB/ISIeTCS JIMHEHHBIM NPOCTPAHCTBOM HaJ INoJieM P OTHOCHTENIbHO OIl-
pelleNleHHbIX B R omepaunuil CJIOKeHUs] BEeKTOPOB U YMHOXKEHUS BeKTopa
Ha yucaa us P.

Teopema 7. [lns Toro yTtoObl HemycToe MOAMHOXKECTBO L JHHeH-
HOro mpocTpaHcTBa R Haj mnoseM P ObLIO ero NoANpoCTPaHCTBOM, JHO-
CTATOYHO BLINOJIHEHUS CJICAYIOIUX ABYX TpeGOBaHHIL:

a) ecu xX,Y€EL, 10 X+ YEL;
6) eciu x€L, A€EP, TO Ax € L.
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HokasarteabctBo. Ilycth ycnoBusi a) u O) BBINOMHEHHL.
CoryacHo ompefiesieHuio 1 Hamo AOKasaTb BBHINOJIHMUMOCTb akcuom 1°—
8°. Ilyctb x € L, Toraa no ycaoBuio 6) L conep:kut BekTop 0 + ¥ = 06—
akcioMa 3° BrimonHeHa. Kpome Toro, L comepXKHT BMecTe ¢
BEKTOPOM X BeKTop (—!) x = — X, T. €. BeKTOp, NPOTHBOMNOJOXKHBIH
BEKTOPY X, — akcuoma 4° BblmosiHeHa. Bce ocTanbHble akCHOMBI U3
1°—8° BhINOMHSAOTCS B R, a NMOTOMY OHM BBINOJNHSIOTCS H B L.

[Tpumepdtn. 1. Hynab-Bektop 0 u camo mnpocTpaHcTBo R —
TPUBHA/bHBIE NOANPOCTPAHCTBA INpPOCTPaHCTBA R.

2. Bce BekTOphl npocTpaHcTBa V3, pacnosioXeHHble B HEKOTOPOH
IMIOCKOCTH (WJIH Ha HeKOTopoit npsimoi), npoxopsiiell yepes O, co-
CTaBJISIOT NOANpoCTpaHcTBo V, (cooTBeTcTBeHHO V) npoctpancTaa V.

3. CoBokynHOCTb L pemieHuli OJHOPOAHOH JIMHEHHOH CHCTEMbI
ypaBHEeHHUE;

auXy + QpXs + ...+ ay,x, =0,
Aoy Xy + AppXp 4 .o + g%, = 0,

(M

Xy + aols + ... + a,,x, =0,

T. €. COBOKYNHOCTb L Bcex Tex BeKTOopoB x = ({y, &,, ..., §,) mpocT-
paictBa T,, KOMIOHEHTHl KOTOPBIX YJOBJNETBOPSIOT YPaBHEHHSIM CH-
crembl (1), Oyner, OueBHAHO, MNOANPOCTPAHCTBOM IPOCTPaHCTBA T .
(O pasmepHoOcTH 3TOro mnoanpoctpascrsa cMm. § 10.)

4. TlepeceueHne ABYX mnoAanpocTpaHcTs L,, L, mpoctpanctBa R
ecTb CHOBa MOAMPOCTPAHCTBO NpOCTpaHCTBa R.

a) ITyete L =Ly (1 L,, TorRa ecnu x €L, To x €Ly, x € L,.

Ananoruuno ecin Y€ L, To y€ Ly, Y€ L,.

Tak kak Ly u L, — NOANPOCTPAHCTBA, TOX + Y€ Ly ux 4+ y€L,,
T.e x4+ y€ L.

6) Ilycte x € L. Torma x€ Ly, x€ Ly; Ax€ Ly, Ax€ L,. 3Ha-
uuT, Ax € L ¥ mo Teopeme 7 L eCThb MOANPOCTPAHCTBO IPOCTPAHCTBA R.

5. MHoxecTBo L BEKTOPOB BuJA Xy + X,, rle x; €Ly, X, € L, u
Ly, L, — noanpocTpaHcTBa u3 R, ecTb NMOANPOCTPAHCTBO NPOCTPAHCT-
Ba R.

a) Ilyctb x €L. Torma x = x4 + x,, X, €Ly, x, € L,.

[lyetb y €L. Toria y = y; + Y,, Y1 € Ly, Yo € L,.

Tak kak L, u L, — noampocTpaHcTBa, TO Xy + ¥y €Ly, x, +
+ 9, €L, 1 TOMAA X + Y = (x5 + y) + (x, + ¥) € L.

6) Ecniu x €L, 70 x = Xy + x5, Xy €Ly, x5 €L, a Tak Kak
L,, L, — npoctpaHcTtBa, To Axy€ Ly, Ax, €L, CnenoBatenbHo,
Ax = Axy + Ax, € L u L — moanpocTpaHcTBo B R.

Onpeneanenue 8. [locTpoeHHoe Bblllle NOANPOCTPAHCTBO L
Has3bIBaeTCs cymmoii mpocTtpaHcTB L, L, u obo3Hauaercs uepes L, +
+ L,. B Tom cnyuae, xorna L; (| L, = {0}, 3Ta cymma HasblBaeTCs
NpsAMOH CyMMOH.
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ITycTe L ecTh HETpHBHANbHOE NMOANPOCTPAHCTBO NPOCTPAHCTBA R ,.
Tak kak He Bce BeKTOpHl U3 R, BXOAAT B L, To He K3 BCsIKOro 0asuca
npocTpaHcTBa R, MOXHO BblOpaTh 0asuc mnpoctpaHcTBa L. Bosibiie
Toro, B R, MOTYT CyILlecTBOBaTb 06a3uChl, LEJIUKOM COJEpKaliiecs B
R,\L (R,\L ecTp MHOXecTBa BEKTOPOB H3 R, He CoJepiKalluXcs
B L).

Teopema 8. Ecium L — noanpoctpaHcTBo B R, pasMepHOCTH
k<nwuey, ..,e,—ero 6asuc, To B R, BCeria MOXHO BbIOpaTh BeK-
TOpPHI €44, ..., €, TaK, UTOObI CHCTEMA BEKTODOB €i, ..., €5, €piq, ---
..., €, Oblia 6asucom npoctpaHctBa R, . Muaue roeops, moboit Gasuc
NoANpoCTpaHcTBa L MOXKHO JOMONHHTbL A0 0asica BCEro MpOCTPaHCT-
Ba R,.

JokasartenbcTBo. Ecau Obl Kaxablii BekTOp X € R, JH-
HeHHO BbIpaxkajcs yepe3 BEKTODHI €4, €y, ..., €,, TO NOCJENHHEe COCTAaB-
asau Obl 6asuc mpocTpaHcTBa R, YTO HeBO3MOXKHO, 6o dim R, =
= n > k. 3HauuT, B R, CYLECTBYeT BEKTOD €,,,, He BbIpaXKarouuics

yepes ey, ..., €, CHCTeMa BEKTODPOB €y, ..., €, €,,, JHHEHHO HE3aBH-
cuma (§ 3, cBorictBo 2). Ecoim k£ -+ 1 << n, To aHajoruuHbiM oGpasom
B R, HalileTcsl BEKTOD €,,,, TAKOH, UTO CHCTEMA €y, ..., €4.q, €pyo JIH-

HeflHO He3aBucuMa. Ilpofloyzkast 3TH paccyKIeHusi, Mbl uepe3 n — k
maros npuieM K 6asucy npocTtpaHcTBa R, .
Teopema 9. Ecau npoctpaHcTBo R, ecTh nmpsiMasi CyMMa MOATPO-
ctpaHcTB Ly, L,, TO
dimL, +dimL, =dimR, =n. 2

HJdoxasarteasbcrTBo. Ilycts ay, a,, ..., a, u by, by, ..., b, —
6a3uchl COOTBETCTBEHHO NMOANpPOCTPAaHCTB L, U L,. [ToKaxkem cHauana,
YTO CHCTEMa BEKTOpOB

Qy, Ay, ..., 0, by by, ..., by (3)
JUHeiHO HesaBucHMa. B camom Jene, eciu

Cay + 6+ ... +ca +c,. b+ ... +c b, =0,

r

TO
ooy +c6a,+...+ca,=—c by —...—c b

A tak Kak Ly | Ly, ={08}, T0 ¢y =¢cy,=...=¢,=C,yy = ..=
= Cf+S —

C zpyro#i croposbl, u3 L, + L, = R, clefyer, uTO BCAKUN BeK-
TOp U3 R, fABJsercs JUHeHHOH KoMmOuHaluelli BEeKTOPOB cuUcTeMbl (3).
Taxum obpasom, cucrema (3) sBiasiercs 6asucoM npocTpaHcTBa R
a noToMy r + S = n, T. €. UMeeT MecTo (2).

M3 nokasarenbctBa Teopembl 9 BUAHO, uTo nmpu Ly | L, = {8}
obbeanHeHre 6asucoB mpocTpaHcTB Ly U L, ecTh 6a3uc npocTpaHcTBa
L, + L,. (BepHo siu obOpaTHOe yTBepKAeHUE?)

OTtmeTuM eme 6e3 HoKasaTenbCTBa Clefylomee o0oOlieHue Teope-
MBI O:

n

dim (L, + Ly) = dim L, - dim L, — dim (L, 0 Ly).
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Ynpawmunenus
[7], Ne 1285—1294, 1297—1304, 1308.

§ 9. NTMHEMHAS OBOJIOYKA WMNAM MNOANPOCTPAHCTBO, HATSHYTOE HA
OAHHYIO CUCTEMY BEKTOPOB

B § 8 6buin paccMoTpeHb! ofuiie MoOXKeHUsT O MOAMPOCTPAHCTBAX.
BosHukaer, OJHaKO, eCTeCTBEHHbIH BONPOC KOHCTPYKTHBHOIO Xapax-
Tepa 0 crnocobax MOCTPOEHHUST MOANPOCTPAHCTB; OJHMM M3 TaKHX CIIO-
co60B sBnsieTcss oOpa3oBaHWe TaK HasbiBaeMOH JHHEHHOH 060JI0YKH
33JlaHHOH CHUCTeMbl BEKTODOB.

Onpeneanenune 9. Ilycts x, ¥, ..., z — KOHeuHasi cuUCTeMa
BEeKTOPOB JIMHEHHOro npocTpaHcTBa R Haj nojem P. Jlunetinoti 060404-
KO CHCTEMBI X, Y, ..., Z Has3blBaeICs COBOKYMHOCTb BCEX KOHEUHBIX
JUHEHHBIX KOMOMHAUUH BEKTOPOB AAHHOL CHCTEMBI, T. €. COBOKYMHOCTb
BEKTOPOB BHJA

ox 4+ By + ...+ vz M
¢ NPOU3BOJNIbHBIMU KO3(bhHUUHEHTaMH ., P, ..., Y, B3AThIMU U3 TNojis P.
JIuHeliHyil0 00O/MOUKY BEKTOPOB X, V¥, ..., z OOO3HAuMM uyepes

L(x, y, ..., 2).
Ilyctb a €L (x, Y, ..., 2), b €L (x, ¥, ..., 2), T. e.

a=ox+By+... + vz
b:az.x+[32y—|—...—|—yzz.

Torta a+b = (as+ax+ @i +PIy+ ... + (1i+1v)2z¢€
€L(x, Y, -y 2),

M =hox +AMY+...+Iz€ELX,y,...,2).
[lo Teopeme 7 nosmyuaem, uto L (x, ¥, ..., Z) — NOANPOCTPAHCTBO [1Po-

ctpauctBa R. 3Hauut, oOpasoBaHHe JHHEHHBLIX 0OGOJOUEK JeHCTBU-
TeJbHO $SBJISETCA CNOCOG0OM KOHCTPYHPOBAHHSI MOANPOCTPAHCTB.

O npoctpanctse L (x, Y, ..., 2) TOBOPST TaKKe, YTO OHO MOPOXKJAe-
HO BEKTOpaMH X, Y, ..., 2 WM HaTSHYTO HA CUCTEMY BEKTOPOB X, Y, ...
vy 20

OueBugHo, 4yto L (X, V. ..., 2) COLEPKHT U CaMH BEKTOPH X, Y, ...
- 2, TaK Kak, Hanpumep, x =1-x+0-y+ ... +0 - 2. C gpyroit
CTOPOHBI, BCAKOE NOANPOCTPAHCTBO, COJepiKallee BEKTOPHI X, Y, ..., 2,
CONEPKUT, OUEBUJHO, U BCe WX JIMHeliHble KOMOMHaAUWM. 3HAUHT, JH-
HefiHass 00oJIOYKa CHCTEMbl BEKTOPOB X, ¥, ..., 2 COAEPKHTCS BO BCs-
KOM [OANpPOCTPAHCTBE, CoJepxKalleM BeKTOpsl X, ¥, ..., 2, T. €.
L (x, y, ..., 2) ecTb HauMeHbllee NOANPOCTPAHCTBO, COLEpKalllee BEK-
TOpHl X, Y, ..., 2. ¥KasaHHBIl cnocol MOCTPOEHHsS MOANPOCTPAHCTB C
NOMOLIbIO JIMHEHHBIX Oo0o/NoueK sBjsieTcss BechbMa oOmuM. B camom
Jenie, KaxIblH BEKTOD NPOM3BOJILHOrO MOANpoOcTpancTea F < R, no
onpefeneHuo 6asuca ecTh JuHefiHas KoMOuHaUus BEKTOpoB Gasuca
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npocTpaHcTBa F W, 3HAUUT, BCSKOe NOANDPOCTPAHCTBO F JIHHEHHOro
npoctpaucTBa R, sBJsieTcss MNOANPOCTPAHCTBOM, HATAHYTHIM Ha He-
KOTophle BeKTOpHl U3 R, (Ha BeKTophl Oasuca F).

U3 Teopemel 1 crnepyer, 4To pasmepHoOCTb mpocTpaHcTtsa L (x, Y, ..
..., 2) paBHA YUCJIYy BEKTOPOB B MAaKCHMaJbHOH JIMHEHHO He3aBUCUMOH
NOJCHCTEME CHCTEMBl MOPOXKAAIUIUX BEKTOPOB X, Y, ..., 2, KOpOue,
Maxcnma.nbﬂomy UHCJY JIMHEHHO He3aBHCHMBIX BEKTOPOB B CHCTeMe
Xy Y e

[Mpu M eps. 1. McxogHoe npoctpanctBo V,. Tlopoxparomas
CHCTEMA COCTOMT H3 OJHOrO BEKTOpa @, MOANPOCTPAHCTBO L (@) COCTOUT
M3 BCeX BEKTOPOB, KOJJIMHEapHBIX BEKTOpY a.

2. HUcxonnoe mnpoctpanctBo V. Ilopoxparomasi cucteMa COCTOUT
U3 JIByX HEKOJIMHEeapHbIX BeKTopoB a u b. [ToampoctpanctBo L (a, b)
€cTh COBOKYMHOCTb BeKTOpoB Buia aa + Bb, (@, B €D), L (a, b) =
={aa + B b}, T. e. MIOCKOCTb, NPOXOAfIlAs uyepe3 BEKTOPH a u b.

3. HcxomHoe mnpoctpaHcTBo V4. Ilopoxparwomiasi cucreMa BeKTO-
POB — TP HEKOMILIaHApHBEIX BeKTOpa a, b, c. B 3aToM ciyuae moampo-
crpadcTBo L (a, b, ¢) ectb V.

4. R, — npousBoJIbHOE JIHHeHHoe npOCTpaHCTBo; €1, €3y ooy €p—
ero 6asc. Torna L (ey, e, ..., €,) =

5. Hcxonnoe MPOCTPaHCTBO C (a b). CPICTQMa [OPOKAAIOMIUX BEK-
TOPOB — COBOKYMNHOCTb yHkuui: 1, ¢, #2, ..., ¢k Torna

L(1, ¢, 2 o, tR)={aytaf + o>+ ... + ot} €D,
T. €. NHHeiHas o6ojouka L ecTb NMPOCTPAHCTBO BCEX MHOIOUJIEHOB CTe-
neiun < k.
6. Hafitu pasmepHocTs u 0asuc noampoctpaHctBa L (ay, a,, as,
a,, a;) npocrpaHctBa T,, eciu
a;=(1 0,0 —1), a, =
a,=02, 1, 1, 0), a;
a,=(1, 1, 1, 1)

PasmepHocTs mnpoctpanctBa L (a;, @, a3, @, Q;) COBHajaeT ¢
MaKCHMaJIbHbIM YHCJIOM JIHHEHHO He3aBHCHUMBIX BEKTODOB MOPOXKIAI0-
el CUCTEMH! 4y, ..., @; U NOTOMY DaBHA PaHTy MaTpulibl M, cocTaBeH-
HOH U3 BEKTODOB ay, Q,, A3, 4;, a;. [losyuaeMm paur M = 3, a notomy
dim L = 3. B xozne BbluncieHUst paHra mMatpuubsl M 3aMeuaem, uTo B
KauecTBe 6asuca L MOXKHO B3STh CHCTEMY BEKTOPOB @y, @y, Q.

7. Haiitu 6asuc ¥ pasMepHOCTb CYMMbl W IepeceueHusi NOAIMPO-
CTPAHCTB, HATSIHYTHIX Ha BEKTOPHI

aq=(1 2 1, 0), by=@ —1,0, 1),
a, = (— 1 1: 11 1); bz = (1, —_— 1, 3, 7)

Pewenune. Taxk kax

Ly=L(ay ay) ={oa, + a5},
Ly=L (b4 by) = {ﬁibl + 52b2}:
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10 Ly | L, COCTOUT M3 BCeX TAaKUX BEKTOPOB X, 4TO

X = oyay + %y = fiby + Boby
PemnB ypaBHeHue

040y + 00y, = B0y + Bib,
OTHOCHTE/LHO HEH3BECTHBIX @y, Oy, P1, Bo, NOMYUHM:
ay=c¢ a,=—4c, P, =3c, By=—¢

rle ¢ — NPOM3BOJNLHOE BelllecTBeHHOe uucsao. Urak,
Lin Ly, = {ca;— 4ca,} = {c(5, —2, —3, —4)}.

[MpoctpanctBo Ly (1 L, NOpOXIEHO OAHUM BeKTopoM (5, —2, —3, —4).
3uayut, dim (Ly | L,) =1 u B KauectBe 06asuca mNpPOCTPAHCTBA
Ly N L, moxHo B3siTh BeKTOp (5, —2, —3, —4).

[IpoctpanctBo L, -+ L, COCTOMT H3 BEKTOpOB BHAa a -+ b, rie
a €Ly, b€ L, cneloBaTesbHO, NPOWU3BOJILHBI BEKTOp MPOCTPAHCTBA
L+ L, umeer Bum:

V1@ + Vols + v3by + Viby,

T.e Li+ Ly, =L (ay, a, by b,). Ianee, TeM xe cnocoboMm, 4To H
B npuMepe 6, nonyuaem dim (L, -+ L,) = 3 u 6a3ucom npocTpaHcTBa
Ly + L, MOXeT Cny»XHUTb CUCTEMa BEKTOPOB ay, @y, bj.

Ynpamnenus

[7], Ne 1311, 1317, 1318, 1320 — 1322;
[10], Ne 879, 880 B, c.

§ 10. ®DYHAAMEHTANbHAS CUCTEMA PELUEHMW OAHOPOAHOW CHUCTEMbI
JNIMHEWHLIX YPABHEHMH

[TycTe JaHa ofHOpOZHAs cHCTeMa JIMHEHHBIX ypaBHEHHH

auX, + apxy + . +ay,x, =0,

Aoy Xy + AgoXy + oo + ay,x, =0,
(1)

Ay Xy + QX+ .. +a,x, =0.
C NPOM3BOJIbHBIMU BeIleCTBEHHBIMU Ko3dpduuueHTamMu. Mbl 3Haem (§ 1,
npumep 4), YTO COBOKYMHOCTb BceX pelueHuil cucteMmbl (1) obpasyer
JIMHefiHoe NPOCTPAHCTBO, ABJsOlleecss MoAnpocTpaHcTBoM B T, Pe-

IIMM BOMPOC O PasMEepHOCTH 3TOro NMOANPOCTpaHcTBa L.

[Mycte A — matpuua xosabduunentoB cucremst (1). ITpeamnonoxum,

YTO paHr MaTpuubl A paBeH r U MHHOpP r-ro MOpPsiAKa, HaXOASLIMCS
B JIeBOM BepXHeM yray maTtpuubl A, oTiuueH OoT HyJs. Toraacucrema
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(1) sxBUBaJIeHTHa ee NMOJCHCTEMe W3 NEepPBbIX 7 YpaBHEHHI:

Ay Xy T QypXp T e T Qg X, = — Qg Xy — o — Qg X,
Xy + QgpXy 4 o + Qo X, = — Qo p 11 Xy = oo — Qgn Xn, @)
Xy + ApXo + oo +0,,X, = — 0, 1 Xppy— . — A Xy

Jlnsi oTbICKaHMs pellieHH# CHcTeMbl (2), a C/IefoBATeNbHO, U CHCTE-
Mbl (1) HEH3BECTHBIM X,.y..., X, CHCTEMbl (2) NpHAaeM NMPOU3BONbLHbLIE

3HAYeHHd C, 4y, ..., C, U 3aTeM (Hampumep, no ¢gopmynam Kpamepa) ua-
XOJHMM COOTBETCTBYIOIIHE 3HAYEHHS Cy, Cp, ..., C, JJIS1 NIEPBLIX r HEH3-
BECTHBIX:
a“ eee aiyi_i—a",.HC,.H T e _‘ain Cn ai, i1 e air
Qgq v Gpiq Qo +4Crty — oo —Q2pCn Gy jpq e Oy | (3)
_ Ary e Qpjmy — G 4+4Cr 4y — oo — QrnCp a,, i+1 -
c; = A )

rie A — onpefenuTesb CHCTeMbl (2) (T. e. OTVIHYHBIA OT HYJSI MHHOD
nopsiika r).

Takum oBpasom, MpoH3BosibHOMY Habopy 4YHCeNC, .y, ..., C,, T. €.
BEKTOpY MNpocTpaHcTBa T, _, Mbl CONMOCTaBHIAM BeKTOp (Cy, ..., ¢,
Cr41s +=+» C,) TIPOCTpPaHCTBa L pemenu#t cuctemsl (2) uau (1). A rak
Kak 415 JioOblX (MKCHPOBAHHBIX 3HAUEHHH HEH3BECTHBIX X, 4, «.oy X,

cucTeMa ypaBHeHHH (2) MMeeT eIUHCTBEHHOe pelleHHe OTHOCHTEIbHO
HEU3BECTHBIX Xq, ..., X, TO

(Crats s Cn) <> (Cpy o » €, Crtgy v 5 Cn) 4)

IBJIsIeTCS] B3aMMHO OJHO3HAYHbLIM COOTBETCTBHEM MeXAy HPOCTPAHCT-
Bamu T, _, W L.DTo cOOTBETCTBHE SBNAETCA H30MOPPU3MOM. B camom
nene, u3 dopmya (3) BUAHO, YTO €CHH C,.4, ..., C, YMHOXHTb Ha A, TO
¥ COOTBETCTBYIOILME 3HAYEHHS Cy, ..., C, YMHOXAIOTCA Ha A (Tak Kak
OOIIKA MHOXHTEJb 3JIEMEHTOB CTOJI0LA ONMpEAeNHTeNsI MOXKHO BbIHECTH
3a 3HaK onpelenuTens). 3HAuUT, €ClH HMeeT MecTo (4), To

MCrt1y o s Cn)=>MCy, s Cpy Cptq, oo s Cn )
[Tycts, Kpome (4), HMeeT MeCcTO TaKxe
(d,+1, ey dn )——)(dil e g df’ dl‘"‘i’ (LTI dn ).

[NoactaBuB B (3) BMECTO C .4, ..., C,COOTBETCTBEHHO C, 4yt dpyyqy oon
ws, €, + d, ¥ BOCNO/NB30BABLIHCH CBOHCTBOM ONpeJesuTess (M03BOMA0-
IUMM pPa3JioKUTb €ro B CyMMy ABYX ONpelesuTeNelf, eciu B BHJIE CyM-
Mbl TIPEACTaBJIeH KaXXAblH 3/eMeHT OAHOro crosbua), MoJayyuM:

(Cr'l'i + dr-H’ T + dn )—>(Ci + di, N Cr —l" df, C,_H + dr+‘, oee
wey Cn Fda)
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TakuM obpasoM, npousBeleHHI0 BekTopa u3 T,_ . Ha uucjio A oOT-
BeuaeT MpoH3BeleHHe COOTBETCTBYIOLIEro BeKTopa W3 L Ha A u cymme
BeKTOpoB 13 T',_ , OTBEYaeT CyMMa COOTBETCTBYIOIIMX BEKTOPOB U3 L.
ST0 M 0O3HayaeT, YTO paccMaTpUBaeMoe COOTBETCTBHE — H30MOPQU3M.
Orctoga cienyer, 4To

dimL =dimT,_, =n—r.

Onpeneanenne 10. Jlioboli 6asuc mpocrpaHcTea L, T. e.
no0asi COBOKYMHOCTb M — r JIHHEHHO HEe3aBUCHMBIX pelleHuii ORHO-
pOZHOIl JuHelHON cucrtembl (1), HasbiBaeTcs ghyndamenmansHol cucme-
Mol peweruti cucrembl (1).

Tak kak npu u3oMopdu3Me IBYX MPOCTPAHCTB Gas3HC OJHOro mnepe-
xoauT B Gasuc Apyroro (§ 6), To AJas MOCTPOeHHS PyHAAMEHTalbHOH
CHCTEMbl peIleHHH MOXHO BOCHOJNb30BaThCsl JIOObIM 0a3HCOM IMPOCT-
paHctBa T, _,. Ecniun B KauecTBe mocsefiHero B3sTb CTaHAApTHbLIH Oa-
3UC

ee=(1,0..,0) =01, . ,0),.,e_=(@0 0.1,
TO nonyuuM QyHIaMEHTATbHYIO CHCTEMY peLleHHi, KoTopasi Ha3blBaeTcs
HOPMaJIbHOH.

O6osnauuM uepe3 x(M, x@ ... x"=") dyHJaMEHTATLHYIO CHCTEMY

pettenuii cuctemsl (1). [To onpepesnenuto 6asuca s a0GOro penieHus x
cuctemsl (1) 6yer UMeTb MeCTO paBEeHCTBO:

X =XV 4 c,x@ 4 ..+ cp_, x(*T)] )]

rAecy, Cyy ...y C, — , — HeKOTOpbIE uncna. Popmyna (5) comepKUT n — r
NpOM3BOJILHBIX MapaMeTpoB H 3akJjiouaeT B cefe J000Oe pelLleHHe CH-
creMnl (1), mo3TOMy MOXKHO ckasaTb, uTo Gopmyna (5) maer ofluee pe-
meHHe cucrembl (1).

[Tpumep. Halitu HoOpManbHylo ¢yHAAMEHTAILHYIO CHCTEMY
pelIeHHi# AJisi CHCTeMBl YypaBHEeHHI:
Xi+ X+ x5+ x,+x =0,
3%, 4+ 2x, + x5+ x,— 3x; =0,
Xy - 25 + 2x, & 6x; = 0, ©)
5xy + 4x, + 3x; + 3x, — x;= 0.

QOueBHaHO, uTO paHr MaTpuubl A KO3(pOhHLHEHTOB CHCTEMbI MEHbLIE
5, a IOTOMy CHCTeMa MMeeT GeCKOHeuHOe MHOKeCTBO pelueHuii. [Tpous-
Belst HeoOXOAHMbIe BBbIUHC/IEHHs, NoayuuMm paHr A = 2, ¢yniamen-
TalbHasl CHCTEMa COCTOHT U3 n —r = O — 2 = 3 pewenuit. Obuee
pellieHHe cHcTeMbl (6) HMeeT BHA:

(x5 4+ x4 + x5y — 2x3 — 2x, — 65, Xy X, Xs)

Orciofa HaxXOAHM HOPMaJbHYIO (PyHAAMEHTalbHYIO CHCTEMYy pelle-
HHUI:

A =1, —2, 1, 0,0), ¥ =(1, —2,0, 1, 0), x®=(5, —6, 0, 0, 1).
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O paccMOTpeHHOM BBIlIE MOAMPOCTPAHCTBE L pelleHuil 0JHOPOAHOH
cucreMbl ypaBHeHHH (1) roBopsT, 4TO OHO 3ajaercsi cucremoi (1).
OkasbiBaeTcsi, 4To TaKo#l cnoco® 3afaHusi MOANPOCTPAHCTB MPOCTPaH-
ctBa T, sBJisieTCSl YHUBepCalbHbIM, a HMEHHO:

Bcesikoe nmoanpoctpanctBo L npoctpanctBa T, MoxkeT ObITh 3aaHO
HEKOTOpOH CHUCTeMOH JIMHeHHBIX OJHOPOJHBIX Yy paBHEHHH.

B camom pgene, HysneBoe noampoctpaHcTBo L = {0}, oueBuAHO,
3a/laeTCcst ONHOPOJHON CHCTeMOH 7 YpaBHEHHUH C 71 HEH3BECTHBIMH C OTpe-
Jenutenem A = 0. Bce npoctpancteo T, 3ajnaercsi, Hampumep, ypas-
HeHUeM

0-x+0-%x+ . +0-x,=0,
(xoTopomy ylHoBIeTBOpseT Jboi Habop U3 n uuces).

[Tycte Teneps L — moampoctpauctdo B T, udim L = m, rae

0 < m << n. BoiGepem Kakoil-uuGyap 6asuc mpocTpaHcTBa L:

ai :(guv cm’ ses g Cin )9
a, = (Logy Cozs oo 9 Con)s

a, = (cmiy CmZ' LI gmn)'
Tak Kak cucrema BEeKTOpOB 4y, ..., @, JHHEHHO He3aBHCHMA, TO PAHTr
MaTpHLbl KO3(PHUUHEHTOB OAHOPOAHOH CHCTEMbl ypaBHEHHH
CuXy + CipXo + oo +8inxn =0,
LosXy + CooXo + woo +LnXn =0, 0
gmixi_l_ ng/YZJI_ soe + gmnxn == O

paBeH m, a NoToMy ee (yHAaMeHTajibHas CHCTeMa pelleHHi COCTOUT
U3 1 — m BEKTOpPOB.
Ecnu

(Qgy Oigy wee s An)y E=1, 2, ., n—m
— (dyHAaMeHTaNbHAasi CHCTEMa pelleHH# CHCTeMbl ypaBHeHu# (7), To
HUMEIOT MecTO paBeHCTBa
Cjuouy + Cjooyp + oo +Ljnotyn =0,
jSazi + Cj2a22 + o + C,'n oyn =0,
gjia'n —m, 1+€j2an —m, 9 e Cjn Cn—m,n =0
ans Beex j =1, 2, ..., m. DT0 03HauaeT, YTO KaxXMAbli H3 BEKTOpPOB
ay, Qg ..., Q, SBJISETCS pelIEHUeM OLHOPOJHOH CHCTEMB! ypaBHEHHIL:
Oy Xy + QypXo + woo + ayn X =0,
Oy Xy + OgoXy + v 4 OguXn =0, @

o o e s+ e . o e e e

@ n—m,q X4+ 0%n —m,5 Xo + e F%n—m,n Xn =0.
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A Tak Kak paHr cuctembl ypaBHeHu# (8) paseH n — m, TO [0 Onpejesne-
unio 10 UMeeM: COBOKYITHOCTb BEKTOPOB Qy, g, ..., 4, ABAsAETCA QyHIa-
MEHTAJbHOH CHCTeMO# pellieHuil cucTeMbl ypaBHeHuil (8), T. e. 6asucom
npocTpadcTBa L, Bcex pemeHuil cucrembl (8). Otciofa crienyer, uto
L, = L, T. e. mpoCTpancTBO L 3ajaeTcsl OJHOPOJHOH CHCTEMOH ypaB-
nenuit (8).

Mpuwmep. Hafitu ofHOpoAHYyIO CHCTeMY JIMHEHHBIX ypaBHEHUH,
3ajawouryo B T, NOATPOCTPAHCTBO L, MOpOXKIEHHOE BEKTOpaMmu

a,=(1, 0, 0, — 1),
a,= (2, 1, 1, 0),
a;=(1, 1, 1, 1),
a,=(1, 2, 3, 4).
Pewmenue l. Haxomum Gasuc moanpoctpanctea L. Hanpumep,

6a3lcoM SIBJSIETCS CHCTeMa BEKTOPOB @y, Q,, a,. 2. Haxonum dynua-
MEHTANbHYIO CHCTEMY peLIeHHH CHCTeMbl ypaBHEHHMI:

xi —)C,‘ =0,
2x; + x5+ X3 =0,
Xy + 2xy + 3x5 + 4x, = 0.

Tak Kak paHr 3TOH CHCTeMbl ypaBHEeHHH paBeH 3, To PpyHIaMeHTalbHas
cucTeMa ee pELIeHHUE COCTOMT U3 OfHOro BeKTopa, Hampumep (1, —I,
—1,1). CnenoBatennbHO, HCKOMOH CHCTEMOH ypaBHEHHH MOXKET CHIYyKHTb
(cucTeMma, cocTosiLliasi U3 OJHOrO ypaBHEHUS)

Xy — Xg— X+ x, =0
YnpaxHnenus

71, Ne 724—732, 741, 742, 1312—1313;
[10], Ne 453—455, 460—463.

§ 11. TMHEMUHOE MHOTOOBPA3ME. IMHEAHOE MHOTOOEBPA3ME PEWEHMHA
CUCTEMbI JIMHEWMHbLIX YPABHEHMH

CoBOKYNHOCTb BEKTOPOB NPOCTPAHCTBA V3, HCXONSIIMX M3 TOYKH
0 4 pacro/ioKeHHbIX Ha NpsIMOi @, NMpoXoAsuell yepe3 Touky O, 06-
pasyeT MOANPOCTPAHCTBO L, cocTosiliee M3 BEKTOPOB BHAA aé€q INPH
NpoM3BOJILHOM BelllecTBeHHOM o (uepT. 1). IlycTb BekTOp X, He mpu-
Hagmexut L. [lpu ¢uKCHUpOBaHHOM X, U [ePEeMEHHOM o COBOKYIHOCTb
KOHLIOB BEKTOPOB BHAA Xo + o€y A3eT MNPSAMYIO @y, MNapalienbHYlo
npsiMO# @ M INpPOXOASALLYI0O 4Yepe3 TOYKY Xy [eomMeTpuuecku SCHO,
YTO €CJIM Xy U X, — ABAa BEKTOpa COBOKYMHOCTH H BEKTOpPOB BHJA
X +ae;, TO UX CyMMa x; + X, HE NPHUHAAJNEXKUT 3TOH COBOKYIIHO-
cti. TakuM oOpasom, ec/iy BEKTOPHI, Jiexallhe Ha MNpsAMOH g, COocTas-
ASIOT MOANPOCTPAHCTBO, TO BEKTOPbl C KOHIAMU Ha MNpAMOH ay, He
npoxoasuell uepes Toyky O, NOANMPOCTPaHCTBa He oOpasyioT. Bmecre
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f/_~0; C TeM HeXENaTeNbHO UCKIIOYATh M3
paccMOTpeHHsl TNpsMble THNA @y —
Yo UM W [OpPHCBAaHBAlOT HaHMEHOBaHHE
JIHHEHHBIX MHOroo6pasui, NoJyueH-
H a HBIX CIBMIOM NOANMpPOCTPaHCTBAa L.
Onpenenenmune 1. Ilycts
o JaHO JIMHEHoe IPOCTPaHCTBO R M
0 ero noanpoctpaHcTBo L. JIunei-
L HbIM MHOroo6pasueM, IOJYyYEeHHBIM
napajyeNbHbIM CABHIOM INOANPOC-
Uepr. 1 TpaHcTBa L Ha BEKTOp X, Hasbl-
BaeTCs COBOKYMHOCTb H BceX BeK-

TOpoB x € R BuJa

=X+,
rie BekTop y mpoGeraer Bce moxmpocTpaHctBo L. [lpu stom L Hasbl-
BalOT ONPeCeAsIouUM NPOCHPAHCEOM MHoroobpasusi H, x, — ero
eexmopom coeuea W THLIYT:
H = Xo + L.

PaccMOTpUM COBMECTHYIO HEOJAHOPOAHYIO CHCTEMY SIHHEHHBIX YpaB-
HeHM# Hajx nojem D:

auX, + apX, + oo Fagux, = by,
Ay Xy + AgoXy + oo+ Agn Xn = by,

(1)

A Xy + Ao Xy + o+ QspXp = b
H COOTBETCTBYIOILYIO €f ONHOPOAHYIO CHCTEMY:

ayys 4+ Yy + oo + anyn =0,
Aoy + AooVo + eee + Aon Y0 =0, .

agyy + a¥s + o + 0sn Yo =0.
OGosHauuM uepe3 L mpocTpaHCTBO pelieHuB cuctembl (2). Kak msl

yxe 3HaeM, L ecTb MOANpPOCTPaHCTBO mpocTpaHctsa T ,. [Ipumem o6o- .
3HAYEHHS:

xO = (CEO)a;(QO), see CEP))’ )’ = (Th, Moy o » My )v X = (Ci, Czy ey, Cn )»

rlie X, ecTb HeKOoTopoe (HKCHpOBaHHOe pelieHHe cucrembl (1), y —
[IPOM3BOJILHOE peIleHHe CHCTeMbl (2), X — [POU3BOJNILHOE pelIeHHe
cucremnl (1). MsBecTHO, uto Bce pelueHus cucrembl (1) MOryT ObiTh IO-
JyueHbl Takxe npubaBjeHHeM Bcex pelueHHH cHcTeMbl (2) K OLHOMY H
TOMY K€ YaCTHOMY pelleHHI0 cucTeMbl (1). 3HAUHT, MHOXKecTBO H Bek-
TOpPOB X HCUEpNbIBaeTCsi BEKTOpaMu BuAa X, + ¥y, Korja y npoberaer
BCE NPOCTPAHCTBO L, Tak uto H = x4 + L.

38



Takum 06pa3oM, COBOKYIHOCTh pelleHHH NPOHM3BOJNBHON COBMeCT-
HOH cucTeMbl MKMHEHHbIX ypaBHeHUH (1) ecTh JuMHefHOe MHoroo6pasue,
NoJyyeHHOe MapajyieNbHBIM CABHIOM TMPOCTPAHCTBA peIUeHUil COOT-
BETCTBYIOIIEH OJHOPOJHOH CHCTeMbl. BekTopom ciBura sBisieTcs He-
KoTOpoe uacTHoe pellenue cucTeMbl (1). T'oBopaT, uTo 3To JMHHefiHOe
MHOrooOpasue 3aJaHO CHCTeMOH JHHeHHBIX ypaBHeHu# (1).

Ecnu r — paHr ocHOBHOH MaTpullbl cucTeMmbl (1), a COBOKYIHOCTb
BekTopoB Yy, y@ . y@=n  coctaBaseT (yHIAMEHTAJbHYIO CH-
cTeMy pellleHH# cuctemb! (2), To J060H# BEKTOp X JIMHEHHOIO MHOrO-
o6pasust H MOXKHO 3anucaTh B BHIE

X =Xy + iy 4 cy® + . Aoy YO,

TR €y, Cy, «.., C,_,— INPOH3BOJIbHBIE YHCJIA.

Ilns npumepa NOCTPOUM JIHHEHHOe MHOrooOpasue pelieHHi CH-
CTEMBI:

Xy + 3x, 4+ 2x, =1,

2X,— Xy + 3x3=3,

3x;—5xy + 4x3 =5,
Xy + 17xy + 4xy = —1.

Pemass oOblYHBIM NMyTeM 3Ty H COOTBETCTBYIOLULYXD efi OZHOPOAHYIO
CHCTEMbI, HaXOAUM r = 2, n — r = |; yacTHOe pellleHHe JAaHHOH CH-
creMbl  xp = (3, 0,—1); ofiuee pelleHHe OZHOPOLHOM CHCTEMBI y =
=(—1lle, —¢, 7c) = —c (11, 1, —7).

CnenoBatenbHo, ofliee pelleHHe JAHHOM CHCTEMBI ypaBHeHHH Oy-
JeT UMeTb BHA:

x=3,0, —1)+c(ll, 1, —7),

rie ¢ — moboe BellleCTBEHHOE 4YHCI0. J[pyrHMH C/lOBaMH, MHOXECTBO
pelleHHH JaHHOH CHCTEeMbl ypaBHEHUH sBJseTCs MHOroobpasHeM, Io-
JYYeHHbIM TMapaJj/ieJbHbIM CABUIOM JHHEHHOro MOAmpocTpaHcTBa L
BekTOpoB Bufa ¢ (11, 1, —7) Ha BekTOp X7 = (3, 0, —1). (Cnenaiite
K AaHHOMY NpuMepy uepTex W BblmosHuTe ymp. Ne 462 us [10].)

M3 reomerpuueckux cooGpakeHu# BuAHO (CM. uepT. 1), UTO MHOrO-
ofpasue H (npsimMass H) MOXKeT ObITb MOJYYEHO CABHIOM MOAMNPOCTpAH-
ctBa L (mpsiMoii L) u Ha ApYyrofl BEKTOP x4 ¥~ Xo. B CBSI3U ¢ 3TuM, ec-
TECTBEHHO, BO3HHKaeT BOMpPOC 00 OMHCAHUH BCEX OMpeleNsoUHX MoJ-
NPOCTPAHCTB M BEKTOPOB CABMra JJsi 3afaHHOro MHorooOpasus H.
10T BoOmMpoOC peliaer

Teopema 10. Ilycts L,, L, — moanmpocTpaHcTBa JHHEHHOro mpoc-
TpaHcTBAa R H

Hi=xy4+ Ly, Hy=x,+ L, (3)

Jluneiinple MHOroo6pasusi H, u H, coBnagamoT Torga H TOMbKO TOrAQ,
Korja coBnafawT Ly, L, U x4 — x, €Ly
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HokasarteabcTBo. 1. Jlokaxem cHayana, uto ecnd Hy =
= H,=H, 0L, = Ly v x; —x,€ L,;. U3 (3) cnenyer, uto Bcskuii
BeKTOp x € H mnpeicTaBuM B BHJe

X=x,4+Y u x=x,+Y"

rie Y€ Ly, y€ L,. U3 paBenctBa x; + y' = x, + y” mnonyuaem:

Y =—x)+y. 4)
Ecann BekTop x npoberaer H, To y” mnpoberaer Bce NMOANPOCTPaHCTBO
L,. 3Hauut, Ans kKaxporo y” € L, Haiijercs Yy € Ly, Takoe, uTO
uMeer Mecto (4). B uwactHocTH, eciu Y’ =0, TO Y = — (x; — X,).
Orciona BuAHO, uTO ¥y — x, € L. Ho torna us (4) cnenyer, uto L, &
C L,. AnanoruuHble pacCyKIeHHsI MPHUBOAAT K BKJoueHHi0 L; & L,.
Takum obpasom, Ly = L, u x4 —x, € L;.

2. Ilyctb Tenepp Ly =L, =L u x;, —x, €L, T. €.

Hi=x+L, Hy=x,+L, x,—x,€L.

[TpousBonbHbIA BeKTOp X € H; MOXXHO MpPeACTaBUTb B BUIE X = Xy -
+ vy, rae y€ L. Orciona

X=X — X5) + (X + ) = Xp + [(Xy — Xx5) + Y]
A Tak KaK x; — x, € L u y€ L, TO, MOCKOJNbKY L — MpOCTPaHCTBO,
(xy — x,) + y€ L. CnenoBarenbHo, x€ H,, 1. e. H; < H,. Ana-
JIOTMYHO JOKasblBaercsi, uto H, & H,. WUrak, Hy = H,.

IlepBasi wacth Teopembl 10 mokasebiBaeT, 4TO JMHEHHOE MOANPOCT-
PaHCTBO, MapajlieJbHBIM CABUIOM KOTODOrO IMOJYyuaeTcss JaHHOe MHO-
roobpasue, OnpejesieH0 ORHO3HAuHO. JTO MNOJOXKEeHHe OBOCHOBLIBAET
KOPPEKTHOCThb CJIeYIOLIero OnpefeeHus.

Onpenenenue 12. PasmepHocmeio AUHELiHO20 MH02000pa-
3us Ha3blBaeTCsl pasMepHOCTb TOrO JIHHEHHOro MOANPOCTPAHCTBA, na-
panyieNbHbBIM CABUIOM KOTOPOIO OHO IOJIYYEHO.

OnnoMepHble JMHeHHble MHOrooOpasusi Ha3bIBAIOTCA IPSMBIMH,
IBYMepHble — IJIOCKOCTSIMH. JIMHefiHoe MHOrooGpasue pasMepHOCTH
n — | npoctpaHcTBa R, Has3blBAOT THNEPILIOCKOCTHIO.

YnpawmHnenusn

(7], Ne 1342—1344;
[10] , Ne 888, 890.



fnaga 1l

NIMHEWHBIE NMPEOBPA3OBAHMUS

§ 12. NOHATME NMHEWHOTO MPEOBPA3OBAHMS.
NPEACTABNEHUE NIMHEMHOTO MPEOGEPA3OBAHMSA MATPULEN

Ecnu KaxxaoMy 3jleMEHTY x HEKOTOPOro MHOXKecTBa M mMocCTaBjeH B
COOTBETCTBHE BIOJIHE OMNpefie/IeHHBIH 3J1eMeHT Yy MHoxKecTBa N, TO ro-
BOPSIT, YTO 3aJaHo otoOpaxkeHue f MHOxecTBa M B MHOxecTBO N U
MULIYT:

f:M=N u y=Ffx) nm y=fx.

Otobpakenyte MHOKecTBa M B ce0s1 HasbiBaeTcs npeoGpa3soBaHHEM
mHoxkectBa M. [IBa mpeoOpasoBanus f; u f, MHO)KecTBa M Ha3bIBalOT-
¢ paBHBIMH, ecaH f; (x) = f, (x) mns moboro x € M.

B nanbuefiieM Mbl OyJeM paccMaTpuBaTh npeoOpa3oBaHus JHHeRi-
HbIX mnpocTpaHcTB. Hannuyue onepauuit B nuHefiHOM mpocTpaHcTBe R
no3BOJISIET M3 MHOXKECTBa BceX NMpeoOpas3oBaHHUil BHIAETHTb KJacC Hau-
fosee BaxKHbIX W MOANAIOLMIMXCH H3YUEHHIO TaK HAa3bIBaeMBIX JIHHEL-
HBIX [peoOpa3oBaHUi.

Onpenenenue 13. Juneldnom npeobpasosanuem (UIH AuU-
HeliHbIM onepamopom) JIMHEHAHOro MpocTpaHcTBa R Haj nojeMm P Ha-
3bIBa€TCS Takoe ero npeobpasoBaHKe ¢, KOTOPOe YJOBJIETBOPSET YCJO-
BUSIM:

1% @(xs + Xp) = @x; + @y,
2°. o(hx) = Apx
L5 JHoObIX X4, X, X€ R U AE P.
BexTtop ¢x Ha3biBaeTcsi oOpasoM BeKTOpa X, BEKTOp X — IIpo06-
pasoM BeKTopa ¢x.
OtmeTyM fABa CJa € CTBU s U3 onpeleneHus 13.

1. Beskoe nuHeitHoe npeoOpasoBaHue NEPEBOAHT HYJIEBOH BEKTOp
B HYJIeBOH BEKTOD.

B camom gene, nonaras A = 0 B ycmoBuu 2° U yuuThIBas, UTO
Ox = 0, rae x € R, mojyuaem:

P0) =¢(0-x) =0-q(x) =0.
2. YcnoBust 1° u 2° 3KBHBaANEHTHBl OJHOMY YCJIOBHIO:
Ay g + hpXp) = MpXy + Aoty (1
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B camoMm gene, monaras B (1) Ay = A, A, = 0, nonyuaem 2°. [Tona-
ras xe B (1) A; = A, = 1, nonyuaem ycnosue 1°. 1 obparno, us ycio-
Buil 1° u 2° cnepyet:

P(hyxy + Myxy) = @(AyXy) + @(hoXy) = Ay@xy 4 Ay,

B cnyuae, korza JuHefiHOe NPOCTPAHCTBO R n-MEpHO, HMEET MeCTo
clelyioliee Ba)KHOe YTBEpIKAEHHE.

Teopema 11. [Ins ¢ukcupoBanHoro 6asuca ey, e,, ..., e, JHHEHHOro
npocTpaHcTBa R, M NMPOM3BOJBLHOrO Habopa ero BeKTOpPOB by, b, ...
«e+y b, CylleCTBYeT W NPUTOM TOJNIBKO OJHO JIMHelHoe npeoGpasoBaHue
IpoCTpaHcTBa R,, KOTOpOEe NepeBOAUT BEKTOPHI €y, €y, ..., €, COOTBET-
CTBEHHO B BEKTOPHl by, by, ..., b,.

JokasaTeabcTBo. [ag MpoH3BOJIBHOrO BEeKTOpa Xx Cylie-
CTBYeT OJHO3HayHOe NpejcTaBjeHHe B Oasuce {e}:

= Ce, + gzez + .. +Cen.

[TocTaBUM BeKTOPY X B COOTBETCTBHE BEKTOP

ox =Tby + by + oo +Cabn. (2)
BekTop @x, nocrpoeHHbl no ¢opmyse (2), 6yAeT BHOJNHE OMpefesieH-
HbIM BEKTODOM MpoCTpaHcTBa R,, TaK 4TO COOTBETCTBHE ¢ OyAer mpe-
obpasoBaHueM npocTtpaHcTBa R,. Eciu B KauecTBe BekTOpa x B3sTb
es=1-e,+0-e,+..+0-¢, T B cuny (2) 6yzer ge, = b,.

Ananoruuno ge, = by, ..., e, = b,. Takum ob6pasom, mnpeobpaso-
BaHUe ¢ NEPEBOAUT BEKTOPH €4, €,, ..., €, COOTBETCTBEHHO B BEKTODHI
by, by, ..., b, Kak TOro u TpebyeT Teopema.

[ToxaxeM Tenepb, uTo mpeobpasoBaHue ¢ JuHe#HO. [Iis BekTopa
M = ACey + ACogy + o -+ ACqen

no ¢opmyJe (2) HaxOLUM:

@(Ax) = ALby + Aloby + oo + ANCn bn = MEDy + Toby + oo +

+Cnbn) = )"(va

H ycjoBue 2° JTHHENHHOCTH BbIMNOJNHEHO.

[Tycte y — BTOpO#i BekTOp U3 R,:

Yy ="+ Ny + e + Mén.
Toraa no ¢opmyne (2) ons BekTOopa
X4y =(C + ey + G+ Mdey + oo+ (Cn 4+ Mnden
noJslyuaeM:
o(x +y) = (€ + )by + (L2 +M2by + oo + (En + M )bn =

= (Cyby + Loby + woo 4 Tabn) + (Mg + Moby + oo + N b ) =X 40y,
H ycjoBue 1° JIHHEHHOCTH BBIOJIHEHO.

Takum o6pasom, HCKOMOe JHHelHoe npeoOpa3oBaHHE MOCTPOEHO.
Ocrajnioch nokKasaTh €IHHCTBEHHOCTb Takoro npeo6pasoBanus. ITycts
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Y — BTOpoe JHHeliHOe npeoOpasoBaHMe, Takoe, uTo Ye; = b, i =
=1, 2, ..., n. Tak Kak npeoOpa3oBaHue P JUHEHHO, TO A1 Ji060ro
BekTopa x = {44 + ... + §,e, umeem:

P(x) = P(Cyey + Coep + .. + Cnen)= Cﬂlﬂei + Czlpez 4+ we Flaven =
= 0by +8oby + oo +Cbn =0x, T.e. @ =1,

Teopema 11 o3HauaeTr, uTo JHHelHOe npeoOpa3oBaHUe ¢ IpPOCTPaH-
cTBa R, BIOJHE ompefieisieTcsl 3aJaHueM JHLb 00pasoB ey, ..., Qe,
BEKTOPOB €4, €y, ..., €, Kakoro-nubo 6asuca. DTOT (akT AaeT BO3MOXK-
HOCTb yKa3aTh yHOOHOe JJIsi MpaKTHYeCKOro oOpaileHHs ¢ JHHEHHBIMH
npeoOpa30BaHUSIMU OMNHCAHHE HUX C IMOMOLIbIO MATpHIL.

[Tycts R, — nuHefiHOE NPOCTPAHCTBO C (UKCHPOBAHHBIM GasucoM
ey, €y, ..., €, BEKTOPHl ey, @e,, ..., ge, B Oasuce {e} 3agalTCi CBO-
HMH KOOpJAMHATaMHU:

Pey = aye; + ayly + o + Qnin,
Pey = A458; + A0y + oo+ Qnon,

®3)

T N T

Pen = Aney + Aoney 4+ ... -+ Qunén.

Martpuna
a“aiz oo aln
(1216122 vee a2n

A_—_

“ e e e .

QAniQn2 <o Qup

Ha3bIBaeTCsl Marpuliel JiMHellHoro mnpeoOpasoBaHust ¢ B 06asuce
€1y gy wevy €,

Taxum obpasom, npu ¢uKcHpoBaHHOM Gasuce BCSKOMY JIHHEHHOMY
npeoOpas3oBaHUIO ¢ HPOCTPAHCTBA R, COOTBETCTBYeT eNHHCTBEHHas
marpuua A c sneMeHTaMH M3 OCHOBHOro nossi P.

O6paTHo, nycTh AaHa KBajparHas MmaTpuia A mopsjka n c 3je-
meHTamu u3 nonast P. Tlonbsysicb marpuueft A, npu GHKCHPOBaHHOM
6asuce {e} no dopmysam (3) HafiileM BEKTOPHI Qey, Pe,, ..., Ppe,. OaHaKo
no teopeme 11 BeIOOPOM 3THX BEKTOPOB BIOJIHE onpefiensieTcs JHHEH-
Hoe npeoOpasoBaHue ¢ npoctpaHcTBa R,. OyeBHAHO, 4TO MaTpulled
3TOro mpeo6pasoBaHusi B Gasuce {e} sBjasercs mMatpuua A.

B urore npu ¢uxcupoBaHHom 6asuce npocTpaHcTBa R, HMMeeM B3a-
MMHO OJHO3HAYHOE COOTBETCTBHE MEXK]IY JHHEHHBIMH NpeoOpas3oBaHHUs-
MU B R, ¥ KBaJpaTHbIMH MaTpPHLAMU NMOPSAKA 7 C 3JE€MEHTaMH U3 OC-
HOBHOro nosist P. DTOT GakT U No3BoJsieT FOBOPHUTb, UTO JIUHEHHOe mpe-
obpasoBaHue 3ajaercst maTpuueil A B Gasuce ey, ey, ..., €, 3aMETUM,
YTO MOJYYeHHOEe B3aHMHO OJHO3HAUYHOE COOTBETCTBHE MEXKAY MHOKe-
CTBaMH JIMHeHHbIX npeobpasoBaHuil B R, U MaTpHIl CyLIeCTBEHHO 3a-
BHCHT OT 6asuca.
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BrisicHMM, Kak EBIpa)kaloTCsi KOOPAMHATHI BeKTopa-ofpasa ¢x ue-
pe3 KOOpAMHAThl JAHHOrO0 BEKTOpa X, ecH mpeoOpasoBaHue ¢ 3aJaHO
Mmatpuueii A B OGasuce {e}.

Ecnu

X =10y + Ly + oo + Cnen—

KaKoH-1H00 BekTOp M3 R, TO no cBoicTBY 2° u dopmyJam (3)
y = ox = L9 + Lpey + ... 4+ Cnge, =

=C(ayey + ap€y + ... 4 anmen) +
+ Co(agpey 4 Agoey 4+ oo - Anoen) +

+ Ca(ainey 4 agney + ... + apeen) =

= (ayl; + apls + ... + ainln)e, +

4 (a8 4 Al + ... + azln)e, +

+ cee + (an|§1 + an'_)gz + soo + annCn )en

O6o03HauuB yepes 1)y, 1y, ..., 1N, KOOPAUHATH BeKTOpa y = ¢x B Gasiuce
{e}, monyuaem:

Ny = ayly + apl, + ... + ay, 8y

My = Agyly + gl + ... +an l,,

)

nn = anici + a/z2€2 + LI JF anngn-

BBoass MarpuuHble 0003HaueHHS

& M
[ Mo
X=|_ Y =|
Cn ’ nn

IJist cToNOLOB KOOPAMHAT JAHHOrO BeKTOpa X M ero obpasa ¢x, moay-
yaeM MaTPUYHYIO 3alHChb CHCTEMbl paBeHCTB (4):

Y = AX. (9)

Takum ofpasom, npu ¢uxcrHpoBaHHOM Gasuce cTonlell KOOPAMHAT
npeo6pa3soBaHHOrO BEKTOPa MOJyYaeTcsi yMHOXKEHHeM MaTpuibl A su-
HEHHOro npeo6pa3oBaHusl ¢ Ha cTosnbel KOOPAMHAT AAHHOINO BEKTOpa.

llpumepor u ynpasmunenus

1. Tlyctb B HeKoTOpOM Gaswce e, e, €, NpocTpaHcTBa Tz JIHHEH-
Hoe npeofpasoBaHKe 3aJaH0 MaTpuuefl

1 —3 4
A=|4 —7 8
6 —7 17/
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Toraa cornacHo (5) BeKTOpHI

1 2
b
2/, 4
npeoGpasyloTcsi B BEKTOPHI:
1 —3 4\ /1 3 1 —23
=AX,= (4 —7 8>-<2>= 6l1=3| 2]V, =4X,= <—45>.
6 —7 7/\2 6 2 19

2. Tlycts B Hekotopom 06asnce MpocTpaHcTBa 13 3aJaHbl CUCTEMBI
BEKTOPOB!

a, =001, b= (2 3, 5,
a, = (0, 1, 1), b2 (1,0, O),
a, = (1, 1, 1) — (0,1, —1).

Haiitu B 6asuce ay, a,, a; MaTpHLy JHUHeHHOro npeobpasoBauus @,
NepeBOJSAIIErO BEKTOPH! @4, Qy, @3 COOTBETCTBEHHO B BEKTOPLI by, by, bj.

JIerko BHAETb, UTO BEKTOpPHI a4, Q,, @5 cocTapjsoT Gasuc T, Ilo
Teopeme 11 Hckomoe npeoGpasoBaHue @ CyIeCTBYeT U eHHCTBeHHO. M3
dopmyn (4) 3ameuaem, yTO IJIsi OTbICKaHUsi MaTpuubl A npeoGpasoBa-
HUsl @ B 6asuce a4, Q,, A3 HYKHO HAATH JIUHEHHble BbIpaKEHUS BEKTO-
poB-06pas3oB by, b,, b; uepe3 BeKTOpHl 0asuca ay, a,, as. [IpousBons
HeoOXO4UMbIE BBIYKC/AEHUS, HAXOAHM, UTO

oa, = b, = 2a, + a, + 2a,,
Qa, = by, = — Qy +0ag,
Qay = by = — 2a, + ay,

OTKYAa H NOMy4yaeM HCKOMYIO MaTpHully:

2 0 —2
a1 =1 1)
2 1 0

3. Pewuts Ty )Ke 3ajauy /s BeKTOPOB:

2, 3, 5), by=(,1, 1),
0, 1, 2), b, = (1,1, —1),
1, 0 0), by=(2,1, 2).

II [l II

OtBert (B 6asuce ay, a, as):

1 3 0
a—|—2 —8 1
-1 —5 2/



§ 13. NPUMEPb!I JIMHEWHbLIX NPEOBPA3OBAHMMA

1. McxonHoe mNpPOCTPaHCTBO — IPOCTPAHCTBO BEKTOPOB, HCXOAS-
mux u3 ukcuporanHoll Touku O. IlpeoBGpasoBanue ¢ B HeM — OpTO-
roHajbHOE IIPOEKTHPOBaHHE BEKTOPOB Ha HEKOTOPYIO IJIOCKOCTb T,
npoxoasiyio 4yepe3 Touky O (uept. 2).

Kak u3BecTHO, MpoeKuUsi CyMMbl BEKTOPOB paBHa CyMMe HX MpOeK-
uuii, crefoBaTelbHO, BBINONHSETC ycnoBue 1° ompenenenus 13:

@ (x; + Xp) = @xy + @X,.

2
X
Xy 6,3
X7
&
0 "
& \]
oX
¥
Yepr. 2 Yepr. 3

Janee, eciu BEKTOp X YMHOXHTb Ha BEI[eCTBEHHOE YHCJIO A, TO €ro
NPOEKLUs TaKXKe YMHOXKHTCS Ha A, T. e. @ (Ax) = Agx, — ycaoBue
2° Toxe BbInOJHSIETCs. Omnepaiysi OPTOrOHAJTbHOrO MPOEKTHPOBAHHS
Gyzer JuHeHHbIM npeobpa3oBaHUeM ¢ NPOCTpaHCTBA V.

Haiinem MmaTpuuy mnpeoGpa3oBaHusi ¢, B3siB 3a 6a3ucC eJUHHYHbIE

NNoNnapHO NEepneHAUKYJASADHbIE BEKTOPElI €4, €5, €3 IO OCAM KOOpPAHMHAT
0X, 0Y, 0Z.

Torpa umeem (cM. ueprt. 3):

ge, =e;,=1.,+0-6,+0-e¢,
Py =€ ey +1.6,40-¢
e, =0 =0-¢,+0-6,+0-e,

l
O -

Taxum oGpasom, MaTpHueH npeoOpa3oBaHus fB/IsSETCS

1 0 0
a=[0o 1 0
000

Bosbmem 3a Gashc BEKTOpHl e, = ey, e, = €;,€, = €1+ €, + €.
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Toraa (cMm. ueprt. 4)
Pe, = ¢ =1l.¢/4+0-¢,40-¢
Qe, = e, =0.¢,+1.-¢,4+0-¢,
e, =e +e,=1-¢+1-¢+40- ¢,

Marpuue#i Toro npeofpasoBaHus B HOBOM 0asuce sIBJISETCS
1 0 1
A =0 1 1)

0 0 0/
Orcloia BHOHO, YTO H3-

meHeHHe 0asuca BbI3BANO z
H3MeHeHHe MaTpHIUbl npeob-
pas3oBaHus. G
2. Hcxoaxoe mnpocTpaH- d
CTBO R ecTb n-mMepHoe mpo-
CTPAHCTBO MHOrouJseHoB f () 3
crener < n — | ¢ Beue- x
CTBEHHHIMH KO3(pulMeHTa- e, e
mu. Onepatop ¢ B IIpoOCT-
paHctBe R — nuddepeHuu- o
poBaHUe: k4 »e
of &) =1, Uepr. 4
rie [ (f) — npousBoiHasi MHorouneda f (f).
[Ipeo6Gpa3oBanue ¢ JHHEHHO, TaK Kak
M () +hafo ()] = M} (&) + Mo (0)-
Haiinem maTpuuy npeoGpasosanus ¢ B Gasuce:
e 1, e, =t B £ o
=hoashoasg asg e e
Hmeem
ey =¢e =0= O-e,4+0-6,4...4+0-¢,
Gey=e,=l=e=1-¢,+0-e,4+...4+0-¢,
Qez=¢e,=t=e=0-,+1-e,+...4+0-¢,

’ R L .
(Pen=6’,,=(n—__2)—!= por =0 e,—|—0 e+ .. —|—1 ,,_1+0'e,1-
3HauuT, Marpuleld npeofpa3oBaHusi ¢ B YyKasaHHOM Gasuce OymeT:

o1 o0...20
o0 1...0
A=} . . . ...
00 0... 1
0 0 0. .. 0.
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3. Hcxonunoe npoctpanctBo C (a, b). Pyukuuu f(£) € C(a, b)
NIOCTaBUM B COOTBETCTBHE (yHKLHIO

90 = [f

Ha ocHoBaHHH TeopeMbl O CyILIECTBOBaHMH OMPENESEHHOrO HHTEr-
pajsa OT HempepblBHOH (YHKLUH WU TeOpeMbl O HENpephIBHOCTH (GYHK-
LHH

t
hm:ﬁmm

(onpeneneHHOro MHTerpana OT HENpepbiBHOH (PYHKUMU NpU IepeMeH-
HOM BepxHeM Inpefese) monayuaeM, uto @f(f) € C (a, b). JluHeiHOCTB
3TOro npeoOpa3oBaHHsl ClAelyeT W3 CBOUCTB OMNPENENEHHOr0 HHTEr-
pana.

3ameTuM, uTo omnepatop AuddepeHLUpPOBaHHS He OyIeT NHHEHHbIM
npeobpasoBaHueM B mnpoctpanctBe C (a, b) (mouemy?).

4. [IpeobpasoBanue ¢, mnepeBoasuee BeKTop x = (§y, C,, §3) B
BeKTOp ¢ (x) = (4 + 4, Ty, C;), He sIBAsETCS JIMHEHHBIM, MOCKOJBKY

@ (Ax) = @ (ALy, ALy, MLy) = (AL, + 4, ALy, ALy) # A (X).
Ynpasmnernusn
[7], Ne 1434—1438, 1441—1444, 1449—1452.

§ 14. CBA3b MEXAY MATPUMLAMMU NUHEHUHOIO MPEOBEPA3OBAHMUS
B PA3IUYHBIX BA3UCAX

B § 12 6b10 mokasaHo, uto npu (UKCHpPOBaHHOM Oasuce BCsIKOe
JMHefiHoe npeo6GpasoBaHWe MpPOCTPaHCTBA R, 3ajaercss MaTtpuleil.
VHTepecHo, Kak H3MeHsieTC MaTpuLia JHHEHHOro mpeobGpa3oBaHus
npu nepexofie oT ofHoro 6asuca K Apyromy. Ha 3ToT Bomnpoc oTBeyaer

Teopema 12. Ecau A, A; — MaTpuubl JnuHeiHoro mnpeoGpa-
30BaHU$ (¢ NMPOCTpPAaHCTBAa R, COOTBETCTBEHHO B Ga3ucax {e}, {e'} u T—
MaTpuua nepexoia ot 6asuca {e} kK Gasucy {e'}, 10

A, = T-AT.

HokxasateabcTBo. PaccMoTpumM BeKTOpH X H Yy = @X.
Mx koopaunatuele cronbubl X u Y B Gasuce {e¢} cBsi3aHbl PaBEHCTBOM

Y = AX.

AHanoruyHo AJs UX KOOpAMHATHBEIX cToNOWMOB X, Y, B Gasuce {e'}
MMeeM:

Yi == AiXP 4\l)
C mpyro#t CTOpoHHI, Kak cienyer u3 § 7,
=TY, X=TX,
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Orcrona
Y, =T =T1AX) =T (ATX)) = (TTAT) X,,

Y, = (TAT) X,. @)

Tak kak paseHctBa (1) u (2) BepHbI A1 JOOBIX BEKTOPOB X, TO
matpuubl A; u T7YAT 3ananT ofiHO U TO Xe JuHefiHOe npeobGpas3oBa-
Hue B Oasuce {e'}. CnenoBatenbHo, Ay = T 1 AT.

Onpenenenue 14. Marpuna A,; HasbiBaeTcs n00o6HOL
MaTpuue A, eclM CyIIecTBYeT Takasl HeBblpoxkIeHHass matpuua 7T, uto
BBHINIOJIHSIETCS PaBEHCTBO:

A, = T-1AT.

B 3ToM cayuae roBopsIT Takxe, yTo MaTpuna A, nonyuaercs TpaHcdop-
MHpOBaHHeM MaTpuibl A ¢ momoiipo MaTpuus! 7.

Jlemma. Ecniu A u B — KBaJpaTHble MAaTpPHUbl OPSAKa £, TO
paur AB < paur A u paur AB < paur B.

JokasarteabcTBo. HenocpeicTBseHHo mnepeMHOXasi Mart-
puutl A u B, 3aMeuaeM, uTo cTOJOUB! MaTpuubl AB SBISIOTCS JHHEH-
HbIMH KoMOMHauusMu crosibuoB matpuubl A. Otcioja ciaefyer, uTo
noAnpocTpaHcTso L, mpoctpadctBa T, HAaTSAHYTOe Ha BEKTOPHI-CTOJO-
bl MaTpuubl AB, CONEpPKUTCS B MOANPOCTPAHCTBE L,, HATIHYTOM Ha
BekTOpbI-cTONGIB MaTpuubl A. Cnenoarenbho, dim L, < dim L,,
T. e. pair AB < paur A. AHajoruuHo, 3aMeuasi, 4To CTPOKH MaTpHIIbI
AB sIBNSIIOTCS JTUHEHHBIME KOMOMHALMSIMU CTPOK MaTpHULbl B, nosyyaem
pair AB < paur B.

CnenctBue 1. Eciu A nu B — KBajpaTHble MaTpHIilbl NOPAA-
Ka n U Marpuua B HeBbIpOXKIAEHHAs!, TO

paur AB = paur BA = paur A

(T. e. IpH YMHOXKEHHH MaTpHIbl A CripaBa WK CleBa Ha HEBBIPOXKAEH-
HYI0O MaTpully B paHr MaTpHLEBl He H3MEHSIeTCs).

B camom gene, no semme paur AB < paur A. Ilo To#i ke npuun-
He paur (AB) B~! < panr AB, 1. e. pauir A < paur AB. Orciona
paur AB = panr A. Ananoruuno paur BA = paur A.

CnemcrtBue 2. Panr MaTpuubl JuHeiiHOro npeo6pasoBaHHus
@ npocTpaHcTBa R, He H3MeHseTCsl NMPH nepexofie oT ofHoro fasuca K
Ipyromy.

CnpaBefIBOCTb C/ENCTBUSI 2 BBITEKAeT HENOCPeACTBEHHO H3 Teope-
Mbl 12 u crmepctBus 1.

[Tp uwmep. Jluneitnoe npeo6pasoBanue ¢ npoctpaHctsa Tz uMe-
er B Oasuce

e,=8,—6,7), e=(—16,7,—13), e=(9 —3,7)
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MaTpHULy

1 —18 15
a_l—1 —22 2
1 —25 22/

Haiitu matpuuy A, Toro e npeoSpasoBanus B Gasuce:
e=(1,—21), =03—12), ¢=(212).
PemeHnue Cravyana HaxomuM MaTpuuy nepexofa T oT Oasuca
{e} k Gasucy {e’}. ITonyuaem:
e, =¢e; e +e
e, = e, + 2e, + 3e,

2
= — 3¢, — Se, — bes,
1T 1 —3 3 —3 1
T=|1 2 —5 T-1=|(1 —3 2
1 3 —6/, g —2 1
Uckomas matpuua
1 2 2
=T AT =3 —1 —2
2 —3 1
Ynpamnenus
1. [lycts ey, e, ..., e, — 0asuc, ¢ — JuHeiiHOe npeoOpasoBaHHe

npocTpanctBa R,. Jloka3aTh, 4YTO CHCTeMa BEKTOPOB @ey, @e,,
.+, e, sIBJISIeTCS 6a3MCOM NMPOCTPaAHCTBA R, TOrJa M TOJIbKO TOrAa, Kor-
Ja MaTpuila npeoOpa3oBaHHs ¢ HEBBIPOXKAEHHA.

2. [7], Ne 1445, 1446, 1453.

§ 15. QEACTBMA HAL JNUHEMHLIMMU NPEOGEPA3OBAHUAMMU U MATPULLAMM.
KONbL,O JIMHEWHLIX NMPEOEPA3OBAHMHA M KOJMbLO MATPUL

B npuioxeHusiX TPHUXOAUTCS UMETh JEJI0 C HECKOJNBbKHMHU npeobpa-
30BaHMSAMH, KOTOPbIE HCMONb3YIOTCS B Pa3IMYHbIX KOMOMHAUUAX APYT
¢ Apyrom. Yalle Bcero HCIoJb3yIOT JHOO NOCHeI0BaTeNbHOE IPHMeHe-
HuMe JBYX mnpeoOpasoBaHuii, JuHOO TaK HasbIBaeMyl0 CyMMy npeobpaso-
BaHUH.

[TycTh naHbI JuHeliHble TpeoOpa3oBaHus @ U P, AeACTBYIOLUIME B JIH-
HefiHoM npoctpanctBe R,. HamomHum, uto ABa npeoGpasoBaHus @, U
¢, CUMTAIOTCST PaBHBIMM, ecaM AJs Jioboro BekTopa x € R, Oyner
QX = @y X.

Onpenenenue 15. Cymmod nuHedHBIX npeoOpasoBaHUl @
1 P HasbiBaeTcs npeoOpasoBaHue ¢ - P, KOTOpOe CTaBUT B COOTBET-
CTBHE BEKTOPY X BEKTOp @x -- Px, T. €.

(@ + V) X = ox 4 Px.
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Tak Kak @x u Px CyTh BIOJIHE ONpefieJIeHHEle BeKTOpH! (06paskbl Bek-
TOpa X B npeo6pa3oBaHUsX @ U P), TO U ¢x - YPx OyIeT BIOJHE Olpe-
JeJleHHbIM BEKTOpPOM. 3HAuuT, ¢ =+ ¢ sBAsieTCs npeobpasoBaHHeEM Mpo-
ctpaictBa R,. Ilokaxem, uto nmpeo6GpasoBanue @ -+ ¢ Oyaer nuHeii-
HeiM. [lo ompenenenmto 15 u no JuHeiiHOCTH HpeoOpa3oBaHUil ¢ K P
uMeeM, uTO

(@ + ) (Mg + Aoxy) = @ (Mg + Apy) + P (Ayxy + Agxy) =
= MPXy 4 Ag®Xy + My + Aty = Ay (@xy 4 Pxy) +
+ Ay (X5 + PXg) = Ay (@ 4 §) Xy + Ay (@ 4 V) X

Onpenenenue 16. [Ipoussedenuem auneidnozo npeobpaso-

sanus @ Ha yucao h € P HaspiBaeTcsl npeobpasoBaHue Agp, onpenesnsieMoe
DaBEHCTBOM

() x = A (px).
[IpeoGpasoBanue A J/nHelHO, TaKk Kak
(M) (Myxy + Agxa) = M [ (Ayxy + Myxa)l = MMy (@Xy) + My (@5)] =
= (M) x; + (Mho) @5 = MM (@] + Ay [A (@5)] =
= M [(AQ)xq] + Ay [(A9) Xy
Onpenenenue 7. [Ipoussedenuem aureiinvix npeobpasosa-
Hutd @ ¥ P HasplBaeTcs npeoOpas3coBaHue (0003Hauaemoe depe3 @),
cocTosIlIlee B IIOCJIENOBATEbHOM BHIIOJIHEHHH CHauaja npeoOpasoBaHus

1}, a 3aTeM mnpeo6pasoBaHus .
Ilo stomy omnpeznenenuto

(@) x = @ (),
T. €. CHayajla Ha BeKTOp X JeHCTBYIOT npeoOpasoBaHHeM 1, a 3aTeM Ha

NONyYeHHBI BeKTOp Px AeACTBYIOT npeoOpasoBaHHEM @.
[TpeoOpasoBanne @y JAMHEHHO, TaK KakK

(@) [Ny + ApXpl = @ [P (Ayty + App)] = @ [Ay (Pxy) + Ay (Pxp)] =
= M@ (PXy) + Ra® (PX5) = Ay () X4 + Ay (PY) X
BooGumie rosopst, @Y 5= pe.
BhiSicHMM, KaKk ONKCHIBAIOTCS ONepauuy Hajl JuHeHHbIMU Tpeobpaso-
BaHHWSIMH B MaTpuuHOi ¢opme. MHaue, mycTh npeo6pasoBaHUs ¢ U P
B HEKOTOpOM Oasuce ey, €,, ..., e, 3afanbl matpuuamu A u B. Bonpoc

COCTOHT B TOM, YTOObl y3HAaTh, KaKOBbl OyJyT MaTpHibl Ipeobpaso-
Baruk @ + P, @p, Ag.

[Tycts
Qg ... 4y, byybys . . by,
A= | -0 B— by1bgg - . . by,
QpiQpo. -« / bpbpg - b4, /-
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3Hauur,

ey = ayey + Ay, + ...+ aniem Ve, = byey + by e, ... + b,
Pey = Q1984 + Aoely + . + QApo pe, = bypey + byy €5+ ... + b0e,

(Pe = ainei + a2n82 + + Al ’llJ€,1= binei + b2n 2 + s + brmen‘
Urobrl HafiTi MaTpully npeobpasoBaHus ¢ - P, Halo HalTH pas-

JIOXKEHHs1 BeKTOpoB (¢ + P)ey, ..., (¢ + P)e, B 6asuce {e}. I[To on-
penenenuo 15 umeem:

(@ + ) ey = pey + pey = (ayy + byy) €y + (apy + byy) €3+ .. +-(@11+0,9)Ep
(P+v)e, = (Pez + Ye, = (aiz + byo) €y + (A + bop)ey . +(anz+bn2)em

((P + ‘P)e = ‘Pe "‘ 1Le = (am + bm ei"L (a2n+b2n)ez+ +(ann+bnn)

Kak Buaum, Mmarpuueii npeobpasoBaHus ¢ -+ B ToM xe Oasuce

{e} aBnsierca martpuua A + B, T. e. cyMMe npeobpasoBaHUil COOTBeT-
CTBYeT CyMMa HX MaTpHIL.

Jns nojnyueHuss MaTpulbl npeobpasoBaHus @ HAXOAUM pasioKe-
HHSI BEKTOPOB (pP)ey, (p¥le,y, . . ., (pP)e, B Gasuce {e}:

@V) ey = @ (Yey) = @ (byey + byey + ... 4 b4e,) = byype; + byype, +
+ oo bufe, = (ayyby + Qupbyy + .o+ ay,b,) €4 + (@504 +
+ Qooboy + oo A Aopbpg) €5 Ao o s A (@ybyy - Qebyy - Q0,008

(PY) €5 = P (Pey) = @ (byoes + baoey 4 ... + bpoe,) = bix92y + byype; +
+ oo+ byPe, = (aybiy + Q1pbae + . .. 4 a,b,,) € + (Agibys +-
+ a22b22 + + a2n nz) ez + + (ambiz +an2b22+ o (I,m nz) en’

(‘Pll’) e, = (aubm + a12b2n + + ambnn) e + (ambm ‘I" Agoby + ‘I‘
"I" agnbnn)ez + e + (ambin + anzbzn + e + afmbnﬂ) en-

Orciopa 3ameuaeM, 4TO 3JIeMEHT C;; MaTpHibl npeoGpasoBaHus @Y
NOCTPOEH 1O 3aKOHY:

Apbyj + Appby; + ... + by

3HauuT, MaTpuua npeoOpa3oBaHHsl (P paBHA NMPOH3BEAEHHIO MaTPHLEI
A Ha matpuny B, T. e. npousBeleHHIO NpeoOpa3oBaHHi COOTBETCTBYET
npousBefleHHe HX MaTpHIL.

Takum o6pa3oM, MHOXKECTBO JIMHEHHBIX NpeoOpa3oBaHUi MPOCTPaH-
cTBa R, Hal nosneM P OTHOCHTENbHO Onepauyi CJ10KEeHHS H YMHOXEHHS
M30MOP(HO MHOXKECTBY KBaJpaTHBIX MAaTPHL MOPSAAKA 1 C 3JeMeHTaMH
u3 nonst P. A Tak Kak yKasaHHOe MHOXECTBO MaTpHl o6pasyeT KoJb-
IO, TO 3TO XkKe CaMoe MOXKHO CKa3aTbh U O MHOXKeCTBe JIMHel HbIX npeobpa-
sosaHuil. CienoBarenbHO, JAOKa3aHa
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Teopema 13. MHOXecTBO JIHHEHHBIX NpeoOpa3oBaHUil MPOCTPAHCT-
Ba R, Haj nojem P obpasyeT KOJbLO, H30MOP(HOe KOJbIY KBaAPATHBIX
MaTpHIL NOpsIAKAa 7 C 3JeMeHTaMH U3 moas P.
Otciofa, B 4aCTHOCTH, CJeLyeT, YTO CJOXKEHHe  YMHOXKeHHe JHHeH-
HBIX Npeo6GpasoBaHMii mpocTpaHcTBa R, o6n1afaloT cBOACTBAMHU:
PPoo+v=1v-+0¢
2. @+ +o=0¢+ Y+ o)
3% (ph) o = ¢ (Yo).
4°. (p + V) 0= 9o + Yo.
o (¢ + V) = 0@ + o

TaxkuM 00pasoM, YCTaHOBJIEHHBIH H30MOPGH3M NO3BOMHJI HaM Mepe-
HECTH CBOHCTBAa MaTpHIl Ha JiMHe#Hble npeobdpasoBanusi. OLHaKo Ha oc-
HOBaHHWH TOTO Ke H30MOopdH3Ma MOXKHO CBOHCTBA JIMHEHHBIX mpeobpa-
30BaHHH NMepeHOCHTb Ha MaTpuubl. [Ipy 3TOM B psifie ciyyaeB Mbl NOJY-
yaeM 3HAuMTEJNbHbE YIPOILEHHUS B JOKasaTesqbcTBax. Hanpumep, cBoii-
cTBO 3° A5l MATPHLL JOKA3LIBAETCSI TPOMO3/IKO: HYXKHO HAlTH U CPABHHUTh
3JIEMEHTHI, CTOSILIME Ha MepeceyeHuH [-H CTPOKH H j-ro cToabua MaTpHIL
(AB)C u A(BC). B 10 xe BpeMs cBoiicTBO 3° 4151 IMHEHHbIX peobpaso-
BaHHUi JOKa3biBaeTcs BechbMa MpocTo. B caMoM fene, no onpenenexuio 16

[(P¥) o] X = (V) (0x) = @ [P (0X)].
C npyroii CTOpOHBI,
(@ (bo)] x = @[(Y0) ¥] = ¢ [ (@x)].

Orciopa u cnenyet 3°. AHalIOrH4YHOe 3aMeyaHHe MOXKHO CAeNaTh OTHOCH-
TeabHO cBoiicTBa 4°. ([JokaxuTe ero Ha si3blKe JTHHEHHBIX npeoGpasoBa-
HHH.)

Bo MHO)KecTBe MMHEHHBIX Npeo6pasoBaHUH NPOCTpaHCTBA R, MOX-
HO BBIZETHTb HyJb-ipeoOpasoBanue 0, KOTOpOe KaxKJIOMYy BEKTOPY
x € R, CTaBUT B COOTBETCTBHE HYJIb-BeKTOp 6 3TOrO npocrpancrea. Mart-
puuet atoro npeobpasoBanus B J000M Oasice 6yaeT HyJeBas MaTpHLa

‘0 0...0
00...0
00...0

O6o3HauuM yepes € TaK HasblBaeMOe TOXJECTBEHHOe JIHHeHHoe mnpe-
o6pa3oBaHue, CTaBsilllee B COOTBETCTBHE Ka)KIOMy BeKTOpy x€ R,
5TOT e BEeKTOp X: €x = x JAJs Jioboro x € R, . Marpuuei atoro npeo6-
pasoBaHus B Jo0oM Oasuce OyfeT ejuHHuyHass martpuua E.

I HysmeBoro u efuHU4HOro npeobpasoBanuit 0 me u Ang J1060ro
npeo6pasoBaHUA @ HMEIOT MEeCTO CJAeAYIOlHe OueBHAHblE paBEeHCTBA:

¢+0=¢, ep=9e=¢,
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Ipumepsnl 1. Ilyctb auHeliHoe npeoOpasoBaHHe ¢ MpPOCTPAHCT-
Ba R, mepeBOJUT JIMHEHHO HE3aBUCHMble BEKTOPHl @y, Qy, ..., @, B
BeKTOpHl by, by, ..., b, cooTBercTBeHHO. JlOKasaTb, uTO MaTpuua A,
sToro mnpeoOpa3oBaHusl B HeKoTopoM Oasuce ey, €, ..., €, paBHA
B . A-', rne cron6upl mMatpun A u B cOCTOST U3 KOOPAHHAT BEKTOPOB
a4, ..., a, U COOTBETCTBEHHO by, ..., b, B 0a3uce e;, e, ..., e,

Pemenue O6o3Hauum (Aasa i =1, 2, ..., a):

X, — crosibell KoOpAHHAT BeKTopa a; B Gasuce {e},

Y, — cron6er koopauHaT BekTopa b, B Gasuce {e}.

Tak kak no ycnoBuio b; = ¢a;, T0 no dopmyJe (5) § 12 monyuaem:

Y, =AX, Yy=A4,Xy w, Yo=AX,

Orclofia cefyeT, YTO MaTpHLla, COCTaBJeHHAas M3 cToabuoB Yy, Y,, ...
.., Y, paBHamnpousBefeHHi0 A, Ha MaTpHUly, COCTABJIEHHYIO U3 CTONG-
moB X, X, ..., X, T.e. B= A,A. A Tak KaK CHCTeMa BEKTOPOB
a, Qs . .., Q, TO YGIOBHIO JHHEHHO HE3aBHCHMA, TO IO CJEICTBHIO 2
u3 TeopeMbl 4 MaTpuua A HeBHIpOKAeHHAs u uMeeT obpatHylo. Cielo-
BaTeJIbLHO,

,=B-A-L

2. IlpeoGpasoBanue ¢ B Gasuce a;= (2, 1), a,= (1, 1) umeer mar-

puLy
p 35)
a=\2 3/.

IpeoGpasoBaunue P B Gasuce by= (5, 2), b,= (1, 0) umeer matpumy
B 7,5 3,5
b= \4,5 1,5).
Haiitu matpuiy npeoGpasoBanus ¢ + { B Gasuce by, b,.

Haiinem cnavana matpuny A, npeo6pasoBanus ¢ B 6asuce by, b,.
Ilo teopeme 12 (§ 14) umeem:

A, = T-A,T,

rie T — matpuua nepexofa ot Gasuca a,, a, K 6asucy by, b,. ATak
KaK
b, = 3a; — ay,

by = a;—ay,

TO 3 1) 71 _ | 1 1
T={_1 1), —2\—-1 —3/,

( 7,5 —1,5 A 4B 15 2
Ab=_6'5 2’5y b+ By = —2 4.

\

YnpaxueHnus
[7], Ne 1457, 1458.
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§ 16. OBPATHOE MPEOGBPA3OBAHME. BbIPOXXAEHHLIE M HEBLIPOX(EHHbIE
NPEOBPA3OBAHMS. PAHT M A4PO JIMHEMHOIO NMPEOBPA3OBAHMS

Cpenu Bcex JMHeHHBIX npeoOpasoBaHMil npocTpaHcTBa R, ocoboe
MECTO 3aHMMalOT B3aHMHO OJHO3HauHble Npeobpa3oBaHus (IpU KOTOPBIX
Kax[blii BEKTOD IPOCTPAHCTBA siBJIsteTcsi 00pasoM POBHO OJHOrO BEKTO-
pa).
Teopema 14. JluneiiHoe mpeoGpasoBaHue ¢ MpocTpaHcTBa R, B3a-
HMHO OJHO3HAYHO TOTAa U TOJbKO TOTAQ, KOr[a €ro MaTpuila B KaKoM-
HUOyap Oasuce HeBHIPOXKIEHHA.

HokasateancrtBo. [lycts B HekoTopoMm Gasuce npeoGpaso-
BaHHE ¢ HMeeT MaTpHLy

a“ aiz ves a]n
Ay Qgp oo Qo

A =
Qni Qng eee Qnn/
Torna koopiuHatel BekTOpa ¢x = (M4, My, ..., M,) CJAedylomuM 06-
pasoM Bblpax<aloTcst yepe3 KoopAuHaThl BekKtopa x = (Cy, Cp, -oo y Gy )t

My = ayly + aply + . + ainka,
My = A&y + A8y + oo 4 a2nln,
e e e e e e ¢y)
Nn = anlgi + a,,2§2 + e 4 Qm gn‘ )

Bsaumuas ofHo3HauHOCTh NpeoOpaszoBaHUs (p 03HAYAET, YTO A J000-
ro HaGopa uucen 1y, Mg, ... , 1, Hailercs poBHO OAMH Habop uucen
Cy, Loy .y G, yHOBIETBOpSOLIMX cHcTeMe ypaBHeHuit (1). Ho cucre-
Ma ypaBHeHHH (1) MMeeT eIMHCTBEHHOEe pellleHHe OTHOCHTENbHO Heu3-
BeCTHbIX Gy, L, ..., §, TOTA U TOJNBKO TOTZA, KOTAa ee ONpeleauTelb
OTJIMYEH OT HyJs, T. e. MaTpuua A HeBHIPOXKIEHHA. DTUM Teopema JO-
Ka3aHa.

Onpenenenue 18. JluHeliHoe mpeoOpa3oBaHue ¢ NPOCTPaAH-
cTBa R, Ha3biBaeTcsi obpamumeim (UM Hesbipo#OeHHbIM), €CIIH CYILECT-
ByeT Takoe JHHefiHOe npeoOpa3oBaHue P, YTO

Yo =P =g, (2)

rle € — TOXKJAEeCTBeHHoe npeoOpa3oBaHue.

OueBHAHO, 4YTO ecad Kakoe-nubo npeobpasoBaHue Y yLOBJIETBO-
psieT paBeHCTBaM (2), TO OHO €AMHCTBEHHO, JIHHEHHO U HeBbIPOXKAEHHO.
D10 npeobGpaszoBaHue HasbiBaeTcsi 0OpaTHBIM s @ i o603HAuaeTcs ye-
pe3 @~!, Tak uTO

ol =l =e. (3)

SlcHO Tak:ke, 4TO @ O0OpPAaTHMO TOTJA M TOJNBLKO TOTAa, KOria OHO B3aHUM-
HO ofHo3HauHo. [lpu 3TOM, MOCKONBKY KOJBLO JIMHEHHBIX Npeobpaso-
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BaHu# U30MOPGHO KOJbIY MaTpull, TO paBeHCTBaM (3) OyAyT COOTBETCT-
BOBaTb MaTPHUHbIE DPaBEHCTBA

BA = AB = E,

rie B — marpuua JHHEHHOro npeo6pasosax—mﬂ ¢~ B ToM ke Gasuce,
uto U A anst ¢. Orciona BUAHO, 4t0 B = A~

Takum oOpasoM, AoKaszaHa

Teopema 15. JluneliHoe npeoOpasoBaHue ¢ mnpocTpaHcTsa R,
paTHUMO TOTAa U TOJBbKO TOr/a, KOraa OHO B KakoM-1ubo 6asuce 3afaercs
HeBhIpOXKJeHHOH Marpuueit A. [lpu 3ToM obpaTHoe mnpeoGpazoBaHue
(Korma oHO CyLIeCTBYeT) ompelensietcss matpuuei A1

O6o3HauuM OyKBO#H S MHOXKECTBO BCeX HEBBIPOXKJEHHBIX JIMHEHHBIX
npeobpa3soBaHuii mpocTpaHcTBa R, Han nojem P.

Jlerko BHJAETb, uTO:

1) ecnu @y, @, €S, TO 9,9, € S (IOCKOJNBKY NPOU3BENEHHIO Mpeodpa-
30BaHU OTBeyaeT MPOU3BEJleHHE COOTBETCTBYIOUIMX MAaTpHLL);

2) ToxIecTBeHHoe mpeobpasoBaHue & € S;

3) ectn @ €S, o™t € S.

Otciofia, YUHTBIBasi aCCOLHMATHBHOCTb YMHOXEHUS! NMpeoOpa3oBaHui,
floJlyyaeM: MHOXKECTBO BCeX HEeBBIDOXKAEHHBIX JIMHEHHbIX mpeobpaso-
BaHMi npocTpaHcTBa R, oOpasyeT rpynny OTHOCHTEILHO ONepauuu
YMHOXKEHHSI.

Onpenenenuneld. Ilyctb ¢ — nuHelinoe npeoGpasoBaHuHe
npoctpaHcTBa R,. CoBOKYMHOCTb BEKTOPOB Y = ¢x A Bcex x € R,
HasbIBaeTCsl obaacmero 3Haerul npeobpasoBaHust @ U obo3Hayaercs
PR,

@R, ecTb MOANPOCTPAHCTBO JMKHHeH#Horo npocrpaictsa R,. B camom
Jene, eCH Yy = @Xy U Y, = @PX,, TO B CHJIY JIMHEHHOCTH ¢ HMEeeM:
Vit Vo= Qx4+ Qx,= @ (xs+ x,) u Ans qgoboro A€ P Ay, = Apx,;=
= @(Axy). Tenepr Halle yTBep:xKAeHHE CIeNyeT U3 TeopeMbl 7.

Panr wMaTpuubl JuHefiHOro npeoOpasoBaHusi MNpOCTpaHCTBa R,
HE 3aBHCHT OT BblOopa 6a3uca B HEM, a 3aBUCUT TOJIbKO OT CaMOro Inpeot-
pasoBaHus. DTOT (paKT AesnaeT 000CHOBAHHBIM Clefyiolee

Onpenenenue 20. Paweom aunelinHoeo npeobpas’osaHus ¢
npocTpaHcTBa R, HasblBaeTcsl PAHr ero MaTpHUBL.

Teopema 16. Pa3mepHocTb moampoctpaHcTBa @R, (obmactu 3Ha-
yeHUH JIMHEHHOro npeoOpa3oBaHUs () paBHA paHry npeobpas3oBaHus ¢,
T. €

dimeR, = paHr o.

HokasateabcTBo. [lycrs {e} — Gasuc mpoctpaHctBa R,
HOns moboro x € R, umeercs npeicTaBieHne x = §yeq 4+ C.eo +
+ ..+ ¢, e,rnely, ..., 5, — KoOpAMHATH BeKTOpa x. Torxa

ox = (§1ey + Loy + oo +Lnen) = Lgey + Lovey + oo + Cn 9l
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Tak xak {4y, oy ... , £, MOTYT NpHUHHUMATD JIOObIE 3HAUEHHS, TO 06-
JacTh 3HaueHUH npeoGpasoBaHus ¢ eCTb JHHelHass 000/0UKaA CHCTEMbI
BEKTOPOB @&, Q€,, ..., P, T. €.

¢R, = L (ve,, ©eyy .. , “epn).

CnenoBaTesbHO, pa3MepHOCTb NMPOCTPAHCTBA PR, paBHAa MaKCHMAaJbHO-
MY 4YHCJy IMHEHHO He3a BUCHMBIX BEKTOPOB CHCTEMbl @€y, §€,, ... , Pe,
(§9). Ecny

Qy Qe Qi
Ay Qgy ..o Qop

An Qpo ... Qpp

— Martpuna mnpeobpa3oBaHus ¢, TO
cey = A8y + Aoy - ... 4-a,8n,
9y = Q€4 + Ugofy + o + Qnsln
©en = QA1n€y + Aonly + ... + Apnén.

Otciofia nmo ciaeAcTBHIO 1 U3 TeopeMbl 4 nosyyaem, YTO MakKCHMaJbHOE
YHUCJIO JIHHEHHO He3aBHCHMBIX BEKTOPOB CHCTEMBl ey, @e,, ..., Pe,
PaBHO PaHry CHCTeMbl CTOJOLOB MaTpulbl A, T. €. paHTy MaTpuubl A.
Teopema jnokasana.

U3 teopem 15—16 3akmaiouaeM craenyomiee. st HeBBIPOKAEHHbBIX
npeo6pa3oBaHuil ¢ paHr ¢ = n, 006aacTh 3HaueHu#l R, UMeeT pa3mep-
HOCTb 7 M COBMAafaeT C NMPOCTPAHCTBOM R,,.

Ecnu npeoGpasoBaHue BbIPOXKIEHHOE, TO paHr ¢ << 71, B 3TOM CJY-
yae npeoOpa3oBaHue ¢ NEPEBOAUT NPOCTPAHCTBO R, B €ro NpaBHJIbHYIO
yacTb @R, pasMepHocTH < n — l. Hapsaay c ofnacteio 3HaueHH#
BaXKHOH XapaKTEepPUCTUKOH JIMHEHHOro npeoOpa3oBaHHs SIBJASETCS TaK
HasbIBaeMoe spo JMHeHOoro npeo6pa3oBaHus.

Onpenenenue 2l. fopom auneidnoeo npeobpasosanus @
MpoCTpaHCTBa R, Ha3bIBaeTCs MHOXKECTBO BCEX BEKTOPOB, oToOpaKae-
MbIX TpeoOpa3oBaHHeM ¢ B HYJIEBOH BEKTOP.

slapo npeo6pasoBanusi ¢ o6o3Hayaetcss uyepe3 Ker ¢. Jlerko BHAETS,
YTO OHO ABJfIE€TCA MOANPOCTPAHCTBOM IpocTpanctsa R,. ([okaxure.)

Teopema 17. PasmepHocTh djpa npeoOpasoBaHMsS ¢ NPOCTPaHCTBA
R, paBHa pasHocTH 7 — r, TAe r = paHr Q.

HokasarteabcrTso. [lyctb ¢ — nuHeitHoe npeoGpasoBaHue
npoctpaHctBa R,, 3ajaHHOe B HeKkoTopoM Oasuce marpuuei A. Ecau

X €ER, n
&
&

X =

Cn
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— KoopAuHaTHBIA cTo0el BekTOpa ¥, To x € Ker ¢ Toraa u Toabko
Toria, Koraa

AX =0,
U1K

auly +aply + oo +amb, =0,

Qg 8y + a8y + o A+ a2nln =0, 4

an1§1 + an2§2 + . +aml =0.

CnepfoBaresibHO, Pa3MepHOCTb siipa COBMAJaeT C PasMEPHOCThbIO MPOCT-
paHcTBa pelieHuil cucrems! (4) u noromy corsiacio § 10 paBHa n — r.

M3 Teopem 15 u 17 momyuaem

Cnencrtsue. [Ins toro ytoOwl JuHefiHOe npeoGpasoBaHue Mpo-
cTpanctBa R, ObUIO HEBLIPOXKAEHHBIM, HEOOXOAHMO H JOCTATOYHO,
yToObl SIAPO 3TOrO0 NpeoOpasoBaHUs OBLIO HYJEBHIM.

[Tpumep. Halitu sigpo u obmactb 3HaueHUH JHHEHHOro npeol-
pasoBaHus ¢, 33JlaHHOr0 B HekoTopoM Oasuce mpoctpaHctBa 7T, Mart-
puLe

1 3 5 1
2 1 31
A=14 7 13 3
3 —1 1 1

,

Pewe#nue. Haxonum, uto paur A = 2. 3HauuT, pasMepHOCTb
obnactu 3HaueHu#t @7, paBHa 2, pasmepHocTh siApa Ker @ paBHa
4 —2 =2,

[TpoctpanctBo @7, HATAHYTO Ha BEKTODH ey, (e, Pes, ¢e,, KO-
OpAMHATHBIE CTOJOLLI KOTOPBIX SBJSIOTCS CTONOLAMH MaTpHLbL A.
Basuc npoctpanctBa @7, MOXKHO COCTaBHTb, HalpHMeEp, M3 BEKTO-
pPoB @e;, ge,. Takum obpasom,

¢T, = L(pey, cey) ={ose; + Pyey} = {o + 3B, 20 + B, 4o+ 7B, 3a—p},

rae @ H P — NpoU3BOJIbHBIE BELIECTBEHHBIE YHCJIA.
s oThicKaHUA sApa peliaeM OXHOPOAHYIO CHCTEMY ypaBHEHHH:

€1+ 3€2+5§3+§4=0,
2§1+§z+3€3+§4=0-

O6buee peienne 1ol cuctemsl: (—do — 28, —7a — B, 5a, 5p). Basuc
f/ipa COCTaBMAIOT, HanpuMep, Bektopsl (—4, —7, 1, O) u (—2, —1, 0, 1).
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Ynpaxrnenue

Te ke BOMpOCH peLIHTb ANs1 npeoGpasoBaHHH, 3alaHHBIX MaTpH-
ILaMH

O O O
[N el
o wo o
[N eNela)
O O N W
OO = -
OO OO
[eNeoNele)

’ ’ Joe

§ 17. OB MHBAPHMAHTHbLIX MOAMPOCTPAHCTBAX
U UHAYUMPOBAHHbLIX MPEOBPA3OBAHMAX

Onpenenenune 22. Ilyctb @ — sauHefiHoe npeo6pasoBaHue
npoctpaHctBa R. IToanpocrpancTBo L < R Ha3bIBACTCS UHBAPUAHMHbLM
OTHOCHTENIbHO NpeoGpa3oBaHUs ¢, ecau u3 x € L caenyergx € L.

B ciayuae HHBapHaHTHOCTH MOAIPOCTPAHCTBA L MOXHO FOBOPHUTH
0 JMHeHHOM npeoOpasoBaHHU ¢; ¢ obmacTbio onpenenenus L. [Ipeo6-
pasoBaHMe (@, HasblBaeTCsl uHOyyuposarHem TnpeobpasoBanueMm. Ecau
X€ L, T09px = @,x; eciu xKe x € L, TO @gx CyIIECTBYET, a @ X HE Ol-
peneneHo. Pa3nnuue npeoGpasoBaHMil @ U ¢y COCTOMT JIHIIb B pasfiu-
YHH MeXIy HX o0/MacTsAMH NpUMEHeHHs.

[Tpumepsn. 1. Hynb-noampoctpanctso, cocTosiiee H3 OLHOLO
BeKTOpa 0, U camMo NMPOCTPAaHCTBO R HHBApPHAHTHBI OTHOCHTENIBHO J1H060-
ro npeo6pasoBaHust B R.

2. B npocrpaHctBe V5 BhimonHseTcsi HEKOTOPBIH NMOBOPOT ¢ BOKPYT
ocu I, mpoxonsueil yepe3 Touky O. IloAnmpocTpaHcTBamMu, HHBapHaHT-
HBIMH OTHOCHTENLHO @, OyLyT:

a) COBOKYIHOCTb BEKTOPOB, JeXallUXx Ha OCH [;

6) COBOKYIIHOCTb BEKTOPOB, JI€KallUX B IJIOCKOCTH, NPOXOAsIIeH
uepe3 Touky O U NepHneHAMKYJSpHOH ocH [.

3. R,— mpocTpaHcTBO MHOrowieHoB f(f) cremenun <n — 1. [Ilpe-
obpa3oBaHue @, INepeBojsiiee J0O0H MHOrouleH B €ro NPOH3BOAHYIO,
sBasieTcsl JuHedHbIM. [lycTh k& — HaTypanbHOe uHCIO, IpHueM R <
< n — 1. Torza moAnmpoCTpPaHCTBO BCEX MHOTOWIEHOB CTeneHu < k Oy-
IeT WHBAapUAHTHBIM OTHOCHTENbHO NpeoOpasoBaHHUS Q.

4. JluneiiHoe npeoOpasoBaHue @, JeficTBylolllee B npocTpaHcTse T g,
3ajaHo B HekoTopom Oasuce {e} Martpuieit

4 -2 2
A= 2 0 2
—1 1 1/,
[ycts a,= (1, 1, 0), a,= (1, 0, —1) u L =L (ay, a,). [Tokaxewm, uto
MOANPOCTPaHCTBO L C T3 MHBApDHAHTHO OTHOCHUTENbHO ¢, T. €. YTO U3
x € L cnenyer @x € L. Bexkrtopnl noampoctpaHcTBa L HMelOT BHA:
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x =oa;+ Ba,= (@ + B, a, —P), riea u p — npousBoNbHBIE BEIECT- -
BeHHble umcaa. ClenoBaTesbHO,

4 —2 2 a+p o+ B
¢x = AX = 2 0 2). a =2 @ J€L.
—1 11 —B —B

[1poBepbTe, uTo noanpocTpaHcteo L= L (aj), rae as= (2, 2, —1),
TaKKe WHBAaDHAHTHO OTHOCUTEJNBHO @. DyJAeT i MHBapHAHTHLIM OTHO-
CHTEJILHO @ TMOAMNPOCTPaHCTBO L,= L(a), rae a = (2, 1, 3)?

5. Ilycts noanpocTpaHcTBo L pasMepHOCTH k << 7 MHBapHaHTHO
OTHOCHTEJIbHO Npeo6pasoBaHusi ¢ INPOCTPaHCTBA R, , H NYCTb BEKTOPHI

ey, ey, ..., €, COCTaBNAOT 6asuc npocrpanctea L. Ilo teopeme 8 B R,
MOXKHO nojo0patb BEKTOPbl €,.4, ... , €, TaK, UTO CHCTEMa BEKTOPOB
ey, €y, ... , €, Oyler 6GasucoM npocTpanctBa R,. B cuny uHBapuaHTHO-

cti L ansa BektopoB ¢;, 1 < i < k 6yJner ge; € L. Otciofa umMeeM:
tey = ayey + . + aklek +0-epry + +0 €n

@ o & o s & ¢ s e . . e o a4 e e e e s e e

ve, = Qirey + . + A + 0 - gy + + 0-en,
Fepts = Qupt1€s T o+ s, + Gt b 1Cts T o+ Qi s

e 6 s e e ® & & e s e s s s D )

$n = Qin€y + . + Apn€p+ Apign €y 1+ o + Aunln.

Takum obpasom, B 6asuce ey, €,, ..., €, €piqy, -- , €, MaTpHLA

npeofpa3oBaHHs ¢ HMeeT creuudHuyecKuil BHA:
Ay Qgy e Qg Qg iy o Qin

D T )

A . ak‘ akz “es akk ak,k_(_‘ .ee akn
0 0 .. 0 ak+i,k+i vee akﬂ',,
0 0O . O an,k+i e Qun

§ 18. COBCTBEHHbLIE BEKTOPbI UM COBCTBEHHbLIE 3HAYEHWMA JNIMHEWHOIO
NPEOEPA3OBAHMSA

[lycte ¢ — suHeliHoe npeoOpa3oBaHie NpPOCTpaHCTBa R, Haj Mo-
nem P. Ilpocreiiieii, Ho BecbMa Ba)KHOH OyZAeT cUTyalus, PU KOTOPO#H
BEKTOpP X NEepPeXOLUT B KOJJIMHEApHbIH BEKTOp Ax, TaK uTo @x = Ax,
rie A — HekoTopoe 4ucjo U3 nojst P. [loHsATHO, YTO AJ1s1 JAHHOTO JIH-
HelfHOro npeofpa3oBaHUs ¢ COOTHOLIEHHE (X = Ax MOXET BHINOJHATb-
Csl JIMIUb JJ1S1 HEKOTOPBIX BEKTOPOB X — TaKHe BEKTOpPbl U HA3bIBAIOTCS
COOCTBEHHBIMH BEeKTOpaMH JIHHefHoro mnpeofpa3oBaHusi ¢. YcJa0BHE
¢x = Ax BBINOJHSETCS TPUBHAJbHBIM 00pa3oM AJIs HYJeBOro BeKTopa
x = 0, Tak xak Bceria g0 = 6 = A0. Ho stoT cnyuat He npeacrasaseT
uHtepeca. Korza roBopsit o coGCTBEHHBIX BeKTOpax npeobpa3oBaHus, TO
HMeIOT B BUAY BEKTODbl, OTJIHUHbIE OT HYJIEBOrO.
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Onpeneanenue 23. CobcmeerHoim 6eKMOPOM JIMHEHHOrO Mpe-
o6pa3oBaHusi ¢ MPOCTpPAHCTBA R, Han nojeM P HasblBaeTcs HeHyJeBOH
BEKTOpP X, YJOBJETBOPSIOUHH YCJIOBHIO

0x = AX (1)

ans Hekotoporo A € P. Hucjo A npu 5TOM HasbIBAETCS COOCHMBEHHbIM
BHauEeHUeM npeobpas’earus ¢, COOTBETCTBYIOLIMM BEKTOPY X.

[Tpuwmep. Tlycts JnuHefinoe npeoOpas3oBaHue ¢ NPOCTPAHCTBA
T, B HekoTOpoM 0asuce 3aaHO MaTpHLUeEH

6 —5 —3
A—[3 —2 —2
2 —2 0

Bektop x = (2, 1, 1) sBnsieTcs coOGCTBEHHBLIM B 3TOM NpeoOpa3oBaHuH,
TaK Kak

6 —5 —3 2 4 2
ox=AX =3 —2 —2)-[1]=[2]=21
2 —2 0 1 2 1

CooTBeTcTByIOlEe COOCTBEHHOE 3HaueHHe paBHO 2. B To xe Bpewms, Ha-
npumep, BeKTop (3, 2, 7) He sABJIsIeTCS COOCTBEHHBIM B JaHHOM Npeofpaso-
BaHMH, UTO JIEFKO IPOBEpPUTh, HafiAs ero obpas. OcraBisis [0Ka B CTO-
POHE BONPOC O CYIIECTBOBAHHU U CNIOCOOE OTBICKAHH ST COOCTBEHHBIX BEK-
TOpPOB, YKa)KeM HEKOTOphble HUX CBOCTBa.

CBoiictBo 1. CobcTBeHHBlE BEKTOPHI JIHHEHHOro npeoGpaso-
BaHMs (p, OTBEYAIOIIHE TaHHOMY COOCTBEHHOMY 3HAUYEHHIO A, BMECTE C HY-
NeBBIM BEKTOPOM 00pasyioT MOAMPOCTPAHCTBO.

HJoxasateabcTBso. O6o3Haunm yepes RN MHOKECTBO Bcex
co6CTBEHHBIX BEKTOPOB, OTBEYAIOUIMX AAHHOMY A, JOIOJHEHHOE HyJe-
BbIM BeKTOpoM 0.

Ecmu Xy, X, € R™, TO @x,=AX; U QXy=AX, U B CHJy JHHEHAHOCTH @

¢ (Xy + Xp) = ¢Xy + @xy = MXy + Axy = A (X + ).

CnenoBarenbHo, x,+ x, € R™, Ilanee, npu Jio6oM o € P nmeem:

¢ (ouxy) = apxy = ahxy = A (axy).

TakuM oGpasoM, u3 x; € R™ cruenyer ax, € R™. [lo Tteopeme 7
nonyyaem, 4to R)— MoANpOCTPAHCTBO MPOCTPAHCTBA R. DTO MOAMPO-
CTPAHCTBO HasblBaeTCsl MpPUHAJJIEKAUUM COOCTBEHHOMY 3HAUEHHIO A.

CBoi#tcTBoO 2. CoOcTBEHHBIE BEKTOPHL Xy, Xg, ... , X ,, JHHEAHOIO
npeo6pa3oBaHys , COOTBETCTBYIOLLHE MONAPHO PasJHUHBIM COOCTBEH-
HbIM 3HAYeHHUM Ay, Ay, ..., A, JIUHEHHO HE3aBHUCHMBEIL.

JloKa3aTeNnbCTBO MPOBOAMTCS HMHAYKUUEH MO UYHCIY BEKTOPOB M.
it m = 1 yTBepxIeHue BepHO, TaK KaK BCAKHH OTJIHUHBLIA OT HyJe-
BOrO BEKTOp JIMHeHO He3aBHCHUM. [1OJIOXKHM, UTO YTBEPXKIEHHE BEPHO
Inst m — 1 COOCTBEHHBIX BEKTOPOB Xj, Xy, ... , X,_4 IPH I[OMAPHOM
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HEpaBeHCTBe COOCTBEHHBIX 3HaueHHH Ay, A, ..., A,_,. JloKakem,
YTO TOTAQ M CHCTeMa COOCTBEHHBIX BEKTOPOB Xy, Xgy ... , Xp_1, X, JIH-
HEeHHO HEe3aBHCHMA, €CJAH MOMapHO Pas3IHYHbl COOCTBEHHblE 3HAUEHHS
A, ?»02, e Ap—i1, M, HomycTum nporusroe. Toraa no csoicTBy 2
JuHeliHON 3aBucuMocTd (§ 3) BekTOp X,, JIHHEHHO BbIpa)kaeTcs uepes
X4y <o y Xp—y, TAK UTO IPH HEKOTOPBIX Cy, Cy, -ov , Cpp_y
Xp =C1Xy + CoXog =+ oo + €y X,y (2

[MpuMmeHnsst K ofeuM uacTsM paBeHCTBa (2) JHHeliHOe NpeoOpa3oBaHue
@, MOJYUUM:

AKX = CiMg Xy + CohgXy + oo+ CoimiM i X ey 3)
YMuoxas (2) Ha A, u BbluuTas (3), MOTYUHUM:
¢y ()"m - A’i)xi + 6 (;“m —A'Z)xZ + - + Cm—1 (}"m _}"/n—i)xm—i = 0. (4)

Tak kak cucrema xy, .., X,_, JHHEHHO He3aBUCUMA U PAa3HOCTH
Ay, — My, Apy— Ay ooy, A, — A,_; [O YCJIOBHIO HE PaBHBI HY.JIIO,
TO u3 (4) crenpyer, uTo ¢;= Cy= ... = ¢, = 0. Toraa u3 (2) nonyua-

eM x, = 0, YTO NpOTHBOPEUUT ONpejeeHHi0 COBCTBEHHOrO BeKTOpa.
Hame ponyienune oxasanoch HeBepHbiM. CliefoBaTeNbHO, CHCTEMA
X4, Xgy eee s Xpp—ty Xy JTHHEHHO HE3aBHCHMA.

CnepnctBue. JluHeliHoe mpeofpasoBaHue ¢ MPOCTpaHCTBa R,
HE MOXKeT UMeThb GoJiee 72 COOCTBEHHBIX BEKTOPOB C MOMAPHO Pasiv4YHbIMHU
COGCTBEHHBIMH 3HAYEHUSIMH.

CBo#ictBo 3. Ilycte Ay, A, ..., A, — NONApHO pasjivyHbIE
coOcTBeHHBIE 3HAUeHHs1 npeoOpa3oBaHus ¢. Eciu A1 KaXKIoro U3 3THX
3HauEeHUH B3ATb JIMHEHHO HE3aBUCHMYIO CHCTEMY COOGCTBEHHBLIX BEKTO-
pOB, TO CHCTEMa, COCTOSIILIAs U3 BCEX 3THX BEKTOPOB, JHHEHHO HE3aBH-
cuMa.

Joka3aTeabCTBO MPOBOAUTCS HHAYKLHEH M0 YHCHAY 1 COOCTBEHHBIX
3HaueHui. ([loxaxkuTe B KauyecTBe YIparKHEHHSI.)

§ 19. XAPAKTEPAUCTUYECKUA MHOTOUSIEH MATPHULLbI U JIMHEMHOIO
NMPEOBPA3OBAHMS. CYLLECTBOBAHME COBCTBEHHbLIX BEKTOPOB

Onpenenenue 24. [lyctb A — KBalpaTHas Marpula To-
psiiKa n C 3jeMeHTaMu @;; u3 noas P. Toraa mMHoroune

ay—MA ap e Qin
a Qop — A e Qop
AN =|A—AE| =] * 2 2

an ano vee Qup — A

Ha3bIBAaeTCs XapaKTePUCTHYECKUM MHOIOUWIEHOM MaTpHubl A.

YpaBHenue | A — AE| = 0 OTHOCHTE/bHO A HA3LIBAIOT XAPAKMEPUC-
mu4eckum ypaBHEHHEM, a ero KOPHH — XapaKTePUCTHYECKUMH YHCJia-
MU MaTtpuibl A.
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W3 onpepenenus onpefenurens caepyer, 4yTo A (A) ecTb MHOIOUWIEH
OT A cTeneHu n, KoaddulueHT crapiuero ujaeHa pased (—I)% Hanpu-
Mep, ecau

—1 3 —D
A=|—3 5 —1
—5 3 1

9

TO XapaKTepHCTHUECKHHl MHOrowieH Martpuibl A
—1—A 3 —1

A =|—3 5—A —1 J=—@n—1KH—2x
—5 31—A

[Tycts ¢ — nuHefiHoe npeoOpasoBaHue npocTpaHcTBa R, Bribu-
pasi pasnuuHble 6asuChl NPOCTpaHCTBA R, Mbl OyJeM osyuaTh pasiuy-
Hble MaTpulbl NpeoOpa3oBaHHs ¢. ECTeCTBEHHO BO3HMKaeT BOMNPOC:
3aBHCUT JIM XapaKTEPUCTHUECKUN MHOrOWIEH MAaTpPHLbl JHHEHHOro
npeoGpa3oBaHus oT Bbibopa Gasuca? Ha stor Bompoc oTBeuaer

Teopema 18. XapakTepHUCTHUECKHH MHOrOU/IEH MAaTpPHIbl JIMHEHHO-
ro npeobpa3oBaHusi He 3aBHCUT OT Bhibopa Gasuca.

HokasateabcTBo. XapakTepucTHuecKuil MHoroureH A (A)
MaTpullel A JMHefiHOro npeo6pa3oBaHusi @ €CTb ONpefeHTelb
|A — AE|. Kak usBecTHo, B Apyrom Oasuce Matpuua A; Toro xe
npeoOpa3oBaHUsl @ HUMEeeT BHA:

A, = TAT,

rie T — maTpula nepexola K HoBomy Oasucy. B HoBoM Gasuce xapake
TEePUCTHUECKUII MHOrOUWJEH ecTb onpelenuTesb MaTpuubl A;— AE.
Mmeem:

| Ay—AE | =| T-'AT —AE | = | T-*AT —AT—ET | = |T—YAT —
—MET) | =| T-YA—AE)T |=| T-' |- | A—AE |-| T | =
=|T-'|-|T|-|A—AE |=|T—T |-| A—AE | =
=|E|-|A—AE |=| A—M\E |

B npouecce npeo6pasoBaHuil Mbl HCNONb30BATM TEOPEMY: OIpeje-
JIUTe]b NPOH3BEJeHHs HeCKONbKHX MaTpHULL paBeH NPOHM3BEAEHHIO Ollpe-
JenuTesiell NepeMHOXkaeMblX MaTpHIL.

Teopema 18 nosBosser xapakTepUCTHUECKHH MHOrouweH MaTpHLbI
JHHEHHOro npeoOpasoBaHUs Has3blBaThb XapaKTePUCTHYECKUM MHOro-
yleHoM npeoOpa3oBaHHs. MHOXECTBO XapaKTepUCTHUECKHX HHCeN
MaTpulpbl npeoOpasoBaHus Takxe He OyJleT 3aBuceTb OT 6asuca, no-
3TOMYy [OBODPSAT O XapaKTepUCTHYECKHX 4HC/Iax NpeoOpasoBaHMs.

Teopema 19. MHOXecTBO cOGCTBEHHBIX 3HaueHHi MpeoOpasoBaHUd
¢ JUHeHHOro NpoCTpaHcTBa R, Haj YUCJOBBIM MojeM P coBmajaer ¢
MHOXXEeCTBOM KODHeH XapaKTepHCTHYeCKOro MHorousjesHa IpeoGpaso-
RaHUA @, NpPUHALIEKAWUX Nojio P.
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HJoxkxaszaTtenbcTBo. Brfepem B R, Kakoii-HHOyAb 6asuc
ey, €y, ... , €, JluHefiHOMYy npeo6pa3oBaHuIO @ B 3TOM 0a3lice COOTBET-
CTByeT HekoTopasi matpuua A c ssnemeHTamu u3 rons P:

Ay Qg o Qip
A= Aoy Qgg e Q2

QAn) An2 e Qnn

[Myets x = Cyeq+ Coeo+ ... -+ §,e, — NPOU3BOJBLHEI BEKTOp H3
R n

GX = My + Moy + v -Mnes.
15t KOOpAMHAT BEKTOPOB X H QX HMEIOT MECTO U3BECTHBIE COOTHOLUEHHU S :

My = Ayl + ARl + o -+ aiala,
Ny = A9, 8y + A9olp + oo + Qonln,

Nn = anl§1 + an2§2 4+ we 4+ Analn
a) [Nycts HekoTOpoe uuciIo Ay € P siBisieTcsl COOCTBEHHBIM 3Hauye-

HHeM npeo0pasoBaHUST ¢, COOTBETCTBYIOUIMM COOCTBEHHOMY BEKTOPY X.
Torpa no onpenenenuo 23 x =0 u

PX = }‘oxv (1)
HIH
un Moy
AL
71:2 _ 0;2 @
MNn Aoln / -

Orciona umeeM:

0“C1 + a12€2 + e + alncn = ogp
g8y 4 by + oo A 43,8, = MG,

(3)
n 8y 4 alo 4+ ..o+ annl, = AL,
HJIH
(ayy — M) &+ aply + ... +a,,8, =0,
aziQ —I_ (aZZ - }“0) §2 + e —I_ a2,,§,, = 07
anlgi + a,, gz +...+ (an" - }‘0) C/z = 0.
Mnbl BuauM, uTo Habop uucen Ly, L,, ..., {, fBAseTCS HEHYJEBbIM

pelleHreM OJHOPOAHOH CHCTeMbl JIMHEHHBIX ypaBHEHHH:
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(@yg — M) Xy + appito + ... +a,,x, =0,
Xy + (Qgg — Ag) Xy + .. +a,,x, =0,

“4)
QX1+ QX+ oo+ (@an — Ag) x, = 0.
CrefoBaTenbHo,
a“-—- }\40 aiz ) ain
Ay Qyo—Ay ... Qy, _
Ap =\ = .= )
7 T

Taxum ob6pasoM, m060e cOOCTBEHHOE 3HAYEHHE JIHHEHHOro mpeos-
pasoBaHUA ¢ ABAAETCS KOPHEM ero XapaKTepHUCTHYECKOro MHOrousieHa,
NpUHaJMIeXaUM nojo P.

6) O6paTHo, NycTh XapaKTepUCTHUECKHH MHOTOWIEeH A (A)=| A—AE |
npeo6pasoBaHUs ¢ KMeeT KOpeHb A, € P, T. e. BHINOJHSIETCS paBeH-
cTBO (5). DTO O3HayaeT, YTO OMNpENeNHTeNb CHCTEMBbl ypaBHEHHH (4)
paBeH HyJIO, a MOTOMy OHa HMeeT HeHyJieBoe pelleHHe, Hanpumep

Qfo), e Z,f,o). Jlerko BHIETb, UTO OHO YAOBJIETBOPSIET COOTHOLUEHHSIM,
nonyyeHuom us (3) u (2) samenoit §; wna .

0
B pesysnbTare umeeM: yisi Bektopa x( ¢ KOOpAHHATaMH Qf -
0
e sz) CrnpaBeIMBO COOTHOILEHHE

0
x( ) (0)_

@ = AoX
CrnenoBatesibHO, A, sIBJIsIeTCST COOCTBEHHBIM 3HAauUEHHEM NpeoGpasoBa-
HHUS @, COOTBETCTBYIOMIUM cOOCTBEHHOMY BeKTOpy x(9. Teopema foka3aHa.
CnencrtBue Bceskoe nmuneliHoe npeoGpasoBaHHe NMPOCTPAHCT-
Ba R, Hal mojieM KOMI/EKCHBIX YHCEJ HMeeT XOTs Obl OJHH COOCTBEH-
HBIA BEKTOP.

CnpaBefJIMBOCTb 3TOrO CJIEACTBHUS BbITEKaeT M3 TeopeMbl 19 H u3
TOrO, YTO BCAKHII MHOrOYJeH HMeeT XOTs Obl OAMH KOMHAJEKCHBIH KO-
peHb.

I[Tpumep. Hafitu cobcTBeHHble 3HaueHUs] U COOCTBEHHbIE BEKTO-
pBl JIHHEHHOrO npeo6pa3oBaHusl NpocTpaHcTBa T'g, 3aaHHOIO B HEKOTO-
pom Oasuce MartpuLeH

010
A=|—4 4 O
—2 1 2
HaxoauM xapakTepuCTHUECKHMII MHOTOUWIEH:
—A 1 0
AMN=|—4 4—L 0 |=(2—MN5
—2 1 2—h
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Co6cTBeHHBIME 3HaueHHsIMH OyAyT KOpHHM 3Toro MHorouiena. Cie-
LOBaTeNbHO, Hamle npeoOpa3soBaHHe HMeeT OJHO COOCTBEHHOe 3Haye-
Hue A = 2 (kpaTHocTH 3).

I HaxoX<JeHHS COOTBETCTBYIOIMX COOGCTBEHHBIX BEKTOPOB MOJA-
cTaBuM A = 2 B ypaBHeHHe

AX = AX.
[Tonyuum cucrtemy ypaBHeHHi:
—4x, 4 2x, =0,
—2x,+ x,=0.

O6uiee pemenue cucrembl: (o, 20, B). PyHLameHTanbHAs cuCTeMa
pelleHHii:

x=(1,2,0), y=(0,0,1)

Hajinenubie BEKTOpPBI X U Y SIBISIOTCS JIMHEHHO He3aBUCHMBIMH cOB-
CTBEHHBIMM BEKTOpPaMH JAHHOTO JIMHEHOro npeo6pasoBaHusl C COOCT-
BEHHbLIM 3HayeHHeM A = 2.

Ynpamnernus

[7], Ne 1465, 1467 — 1474;
[10], Ne 925.

§ 20. O NPUBEAEHMM MATPULLI NMHEWHOIO NPEOBEPA3OBAHMSA
K BHUATOHAJIbHOW ®OPME

Tak kak omepauuu Haj JMHHEHHBIMH NMpPeoOpa3oBaHUAMH CBOASTCS K
COOTBETCTBYIOLIUM ONepalisaM Hal WX MaTpHULaMH, a MaTpHULbl JHHeH-
HBIX TMpeoOpas3oBaHuil 3aBUCAT OT 6asuca, TO HHTEPECHBIM NpeJCTaBJser-
cs1 Bonpoc o Bblfope 6a3uca, B KOTOPOM MaTpulla HAHHOrO JIMHEHHOro
npeoGpasoBaHus sBJIseTcss Haubosiee MPOCTOH.

Teopema 20. Ecnu JnuHeiiHoe npeoOpasoBaHHe ¢ MPOCTPaHCTBA
R, uMmeeT n JMHeHHO He3aBHUCHMbIX COOCTBEHHBIX BEKTOPOB, TO B 6asu-
ce, COCTOSIIEM M3 3THX BEKTOPOB, MaTpHLa Npeo6pasoBaHUsA ¢ HMeEET
JuaroHanbHylo (opmy.

O6patHo, ecqd B HekoTopoMm Gasuce MaTpuila npeo6pasoBaHHS @
IMaroHajibHa, TO BCe BEKTOPHI 3TOro Gas3uca SIBASIOTCS COOCTBEHHBIMH
BEKTOpaMH.

HoxasartenbctBo. a) [lycts ey, €y ..., e, — JHHEHHO
HE3aBHCHMble COOCTBEHHble BeKTODH! npeobpasoBaHus ¢. Mmeem:

Pey = ey,

Po= Aoty
. e . (D)

Pe, = Ane

ne
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OTH paBeHCTBA MOKA3bIBAIOT, YTO €CJIH NPHUHSATH BEKTOPHI &y, €y, ...
..., €, 3a 6a3uc NpocTpaHCTBa, TO MaTpULla NpeoOpasoBaHKsA ¢ B 3TOM
6asuce OyleT HMeTb BHA:

Ay 0...0
0 2,...0
e e e 2
0 0...n, /|
1. e. OyJeT AMaroHalbHOH MaTpHLEH.
6) Ilycts B HekoTOpOM Oasuce ey, €,, ..., €, MaTpula npeobpaso-
BaHMs ¢ AUaroHaqbHa W UMeeT BUA (2). DTO 3HAYHT, YTO BLITONHSIOTCS
cootnourenus (1), cieforatenbHO, BEKTOPH! €y, €5, ... , €, 0asuca siB-

Js0TCsl COGCTBEHHBIMH BeKTOpaMu npeoOpasoBaHus ¢. TeopeMa Hoka-
3aHa.

YuuTeiBasi CBOHCTBO 2 cOOCTBEHHBIX BeKTOpoB (§ 18), u3 Teopemsl
20, B yaCTHOCTH, [OJIyyaeM: €ClH XapaKTepUCTHUYECKUH MHOTOWIEH Ipe-
o6pasoBaHUs ¢ NpOCTpaHCTBAa R, Haj noseM P uMeeT rn pasiHYHBIX
KOpHe#, MpuHajJIexalyx nojao P, To MaTpuia npeo6pasoBaHUs INpH-
BOAMTCS K JuaroHaldbHOH Qopme.

Ecnu ke HeKOTOpble KOPHH XapaKTepHCTHYECKOro MHOTOU/IeHa KparT-
Hbl, TO BOMPOC O NMpHUBEAEHUH MATpUILl Npeodpa3oBaHMA K AMaroHa/b-
HOH opMe MOXKeT peluThCs JUO0 MOJOKUTENbHO, 100 OTpULATeNb-
HO B 3aBMCHMOCTH OT YHCJIa JIMHEHHO HEe3aBHCHUMBIX COOCTBEHHBIX BEKTO-
poB. Eciu uX uncio paBHO n, TO NpHUBefeHHe K JUaroHalbHOH dopme
BO3MOXKHO, €CJIM K€ OHO MEHbLUIe 1, TO HeBO3MO:KHO. BooOlie ke Bor-
pocC O MpUBEAEHHH MaTPHIB! JHHEHHOro npeobpasoBaHus K NpocTefimie-
My BUAY B Cjyyae, KOrja cpelyd KODHeH XapaKTepUCTHYECKOro MHOIO-
yjieHa UMEIOTCS paBHble, JOBOJIBHO CJIOXKEH.

[MpuBenem Ge3 HoKasaTeNbCTBa TEOpDEMY O PasMEPHOCTH HOAIPOCT-
paHcTBa RM,

Teopema 21. PasmepnocTh noanpoctpanctBa R(*o), mnpuHanmnexa-
IEr0 KOPHIO Ag XapaKTepUCTHUYECKOrO MHOrOuYJIeHa, He NPEBOCXOAUT
KPaTHOCTH 3TOT0 KOpHSA.

[TosaHee BhIsSICHHTCS (Teopema 32), uTO B CJayuae, KOrja OCHOBHOE
noJjie P ecTh oJie BCeX BELECTBEHHBIX yHcesa, a marpuua A, sagawomas
JuHeliHoe mnpeoOpasoBaHue, CHMMETpPHYHA, pa3MEPHOCTb MPOCTPaHCT-
Ba R™) coBmajaer ¢ KPaTHOCTbIO KODHS Aq.

IIpuwmepsn. 1. JluHeliHoe npeoOpasoBaHue ¢ npocTpaHcTBa T'g
33/laH0 B HEKOTOpOM 0Oasuce MmaTpHLeh

—1 3 —1
—3 3 1

MoxHO /iu myTeM mepexofa K HOBOMY 0asuCy NpPHBECTH MaTpHLY
aTOro npeoGpasoBaHusl K AuaroHanbHoMy Bufy? Haiitu stoT 6asuc u
COOTBETCTBYIOILYIO MaTpHILy.
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Pewesnue Haxomum, uto A (A) = —(A — 1) (A — 2)%

HOns Ay= 1 cobecTBenHblit BekTop e;= (1, I, 1). Hasi A,= 2 Haxo-
MM JBa JIMHEHHO He3aBHCHMBIX COOCTBEHHBIX BekTopa: e,= (1, 1, 0)
u eg= (1, 0, —3). Bexropsnl ey, e,, e; cormacHo crofictBy 3 (§ 18) au-
HeiiHO HesaBucHMbl. [IpuBefleHne K AuaroHajbHOH ¢opMe O0Kasajoch
Bo3MOXHbIM. Tak Kak ge;= e;, ¢e,= 2¢,, @e;= 2¢, TO B 0Oasuce
ey, €, €z Marpuua npeobpasoBaHus OyleT:

1 00
A=10 2 0
0 0 2/
2. lns mpeoOpasoBaHusi ¢ MaTpuueH
6 —5 —3
A=13 —2 —2
2 —2 0
XapaKTepUCTHUECKU#i MHorouneH paseH A (A) = —(A —2) (A — 1)%

MakcumanbHasi JUHEHHO He3aBHUCHMasl CUCTeMa COOCTBEHHHIX BeK-
TOPOB, OTBEUAIHUX A;= 2 U A,= 1, COCTOMT M3 JBYX BEKTOpOB, Ha-
npumep e;= (1, 1, 0) u e,= (2, 1, 1). CnenoBarenbHo, Mo Teopeme
20 MmaTpuUa JNAHHOrO JIHHEHHOro npeoOpasoBaHHs K AHArOHANIbHOMY
BHIYy He MPUBOIUTCS.

Ynpaswrnenus
[71, Ne 1481—1483.

§ 21. O COBCTBEHHbIX BEKTOPAX NMHEAHOIO MPEOBEPA3OBAHMS
C CMMMETPUYECKOW MATPMLIEMA

B § 18—20 ™Mbl paccMOTpesd OCHOBHBbIE MpPENJIOKEHHS O COOCTBEH-
HBIX BEKTOpaX U COOCTB¢1HBIX 3HaueHHSX. Cpefln JuHEHHBIX mpeobpa-
30BaHUH 4YaCTO BCTPEYAIOTCS TaKHe, MaTpPHLblI KOTOPHIX B HEKOTOPOM
6asuce cuMMeTpuuHBl. sl Takux npeoOpasoBaHHUil CpaBeAJHBHI Clie-
uuduyecKue TeopeMbl O COOCTBEHHBIX 3HAYEHHSIX M COOCTBEHHBIX BeK-
TOpax.

HanomsrM HekoTOphle CBOHCTBA KOMIJIEKCHBIX uicesn. Eciu z ecTh

KOMIIJIEKCHOE YHCJIO, COTMPSIKEHHOe UMCAY 2, U | 2| — MOAyJb uYucia 2,
TO

Lt =242, 2-2=2-'2 2-2=|22 0]
s mpou3BOIbHOH MaTpuubl A C KOMIUIEKCHBIMH 3/€MEHTaMH ue-

pes A 0603HaualoT MaTpuily, modyyaiollyiocsi u3 A 3aMeHOH Bcex ee
3JIeMEHTOB Ha compsixeHHble. M3 (1) cnenyer, uTo V151 NPOH3BOMBHEIX
matpu A u B cnpaBelsuBO:

AB=A.B, @
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0ol =a- A, 3)
rie o, — KOMIJIEKCHOE HYHCJIO.
YcnoBue BellleCTBEHHOCTH KOMILJIEKCHOrO 4YHCiIa 2z W MaTpHiusl A
sanumercs Tak: z =2, A = A.
Teopema 22. Bce coGcTBeHHbIE 3HAUeHUsl JHHEHHOro npeodpaso-
BaHHs ¢ C BELIECTBEHHOH CHMMETpHUECKOH MaTpuiled A BellleCTBEHHBI.
HokasarteabctBo. [lyete R, ecTh JuHeiHOE MPOCTPAHCT-
BO HaJl NOJIEM KOMILIEKCHBIX YHCeJ U ¢ — JIMHeliHoe mpeoOpa3oBaHue B
R,. Tlyctb, nanee, B HeKoTOpoM Gasuce MaTpula A npeo6pasoBaHUs @
SIBJISIETCS. CHMMETPUYECKOH MaTpulled ¢ BelleCTBEHHBIMH 3JIeMEHTaMH.
PaccmoTtpum sio6oe coGcTBEHHOE 3HaueHue A mpeoOpasoBaHus @ (A —
KOMILJIEKCHOE YHCJIO) U COOTBETCTBYIOILHH eMy COOCTBEHHBbIH BEKTOD X:

Px = Ax (x #+ 0©). 4)
O6o3HauuM uepes
&
x=| >
L,

MaTpUIy-CTON0ell KOMIUIEKCHBIX KOOpDAMHAT BEKTOpa X B paccCMaTpH-
BaeMoM 6Gasuce. Torapa paBeHCTBO (4) samuiieTcsi B Bufe

AX = AX. @)

O6o3Hauum yepes X' = ({4, 5, ..., {,) CTPOKY KOOpPAHHAT BeK-

Topa x. Torna uMeer cmbica npousseaenne Matpui X'AX. 1o npousse-
JeHue OyAeT MaTpHUEH C OJHUM 3JE€MEHTOM.

Vcnonb3yst cuMMeTpuyHOCTh MaTpuubl A u cooTHoweHue (4'), mo-
Jlydaem:

(XA X=X'A)X =AXY X =AX) X = M) X = 71X’ X).

Hcnosbsys BelilecTBeHHOCTb MaTpuubl A u cooTHoweHus (2), (3),
(4), umeem:

XAX)=X AX)=X[AX) =X AX) = XA X) =%(X'X).

Ho (X’A)X = X'(AX), a noToMy mnoayuaeM MATPHUYHOE PaBEHCTBO:

_ MX'X) =M (X'X), (5)
rie X'X ectb mMatpuua u3 ofHoro uucna. VmenHo:
G

XR =@ toos )| 2| = @G+ LG+ + LG =

g,
= (L2 G2+ 4 1),

npuuem Matpuua X’'X He HyjeBasi, MOCKOJBbKY X 7= 0.
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[epeiinsg or MaTpuuyHOro paBeHCTBa (5) K YHUCJIOBOMY U COKpAaTHB
Ha wucsio |§q]% + ... + |G, [, He paBHOe Hym0, nosyuyum:

A=A
3HaukT, A BelECTBEHHO.
Teopema 23. IlycTb JiuHefiHoe mpeoGpasoBaHue ¢ B HeKOTopoM Oa-
3uce 3afaercs cummeTpuueckoit Matpuueit A. Eciu x u y — aBa cober-
BEHHBIX BeKTOpa MNpeoOpas3oBaHusi ¢, OTBEYAlOLlMe PasHUyHbIM COOCT-

BeHHBIM 3HaueHUsIM A U W, U Ly, Ly, ..., &, My, Mgy ..., 1, — KOOP-
JAMHATHL 3THX BEKTOPOB B paccMaTpiBaeMoM Gasuce, TO
Em+En+...+8m, =0 *)

JokasarteabcTBo. CoxpaHsem o6o3Hauenusi: X u Y —
MaTpuubl-cTo6ubl, X' W Y’ — MaTpuubl-cTpoKH KoopauHar. Ilo ye-
JIOBHIO (X = Ax, ¢y = Wy, 3HAUHT,

AX =AX, AY =pY.

ITpoussenenve X'AY umeer cmblca. Hcnmonb3yss cHUMMETpUYHOCTD
Matpuubsl A, uMeeM:

(X'AY =X'A)Y =AX)Y =AX)Y =AX)Y =M (XY).
C npyro#t CTOpOHEL,
X' (AY) = X' (uY) = p(X'Y).
Ho (X'A)Y = X'(AY), a notomy
AXY) = p(X'Y),
rie X'Y = ({my+. . .+ E,m,). Orciona
AMEM + v + M) =0 @+ ... +Epm,) ©)

Tak Kak A 5= pu, To u3 (6) caenyer (¥). Teopema JokasaHa.

BekTopbl x U Y, KOOpAMHATHI KOTOPBIX YAOBJETBOPSIOT COOTHOLIE-
Huto (*), Bnpear OyAeM HasblBaTh oprmoeoHasbHemu. Toraa Teopemy 23
MOXHO cOpMyJIHpOBaTh TaK: COOCTBEHHbIE BEKTODH! JIHHEHHOro Ipe-
00pa3oBaHUsI C CHMMETPHYECKOH MaTpHIeH, COOTBETCTBYIOLIME Pa3jiuy-
HbIM COOCTBEHHBIM 3HAUEHHSIM, OPTOrOHANbHBI MexAy co0oii.

[Ipumep. Marpuny A nuHeliHoro mnpeo6pasoBaHusi NPUBECTH,
€CJIM 3TO BO3MOXKHO, K JHAroHalbHOMY BHAY:

1111
11 —1 —I
A=|1 1 1 —1
1

—1 -1 1
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Pemwewnue 3ameuaeMm, uro matpuua A cummerpuueckas. Ha-
XOIHM CHauajia COOCTBEHHble 3HAYEHHs, a 3aTeM COOTBETCTBYIOLINE HM
coGCTBEHHBIE BEKTOPHI:

1—A 1 1 1

1 1—a —1 —I
AQ=|A—AE|=| | _’1” 3 _{l=0—2°0+2.

1 —1 —11-—A

CobcTBeHHBIE 3HAaueHUs: Ay= 2 kpaTHocTH 3, A,= —2 KpaTHoCTH 1.
s Ay= 2 oTbicKaHHe COOCTBEHHBIX BEKTOPOB CBOAMTCA K pelle-
HHIO ypaBHEHHS$

Xy — Xy — Xg— X, = 0. (7
Cucrema (7) umeeT TpH JIHHEHHO He3aBHUCHMbBIX peLICHHs, HampHMep:
e, =(1,1,0,0), e=(,0,1,0), e =(1,0,0,1).
Haxonum coOcTBeHHBIH BeKTOp A A,= —2:
e,=(—1,1,1, 1)

Cuctema BEKTOPOB e, €,, €5, €, JUHEHO He3aBHCHMa (CBOHCTBO 3, § 18);
ee MOKHO NpPUHATD 3a 6asuc npoctpanctsa T,. Tak kKak

e, = 2ey,
Pey
Pes
Pe,

2e,,
2e,,
—2e,,

(|

TO MaTpHLA LaHHOrO JHHefHOro npeofpasoBaHus ¢ B Oasiice ey, e,, €,
e, TPUHUMaeT AHATOHANbHYIO (OpMY:

e

O N OO

2 0 0
0 2 0
A=lo o 0
0 0 —2
3ameuaHnue Bekrop e, OpToroHaleH K BEKTOpaM €, €,, €4
(cormacto Teopeme 23). Ho BekTOpHI €4, €,, €4, BOOOILLE FOBOPS, He 00si3a-
Hbl NIOYYaTbCsl NONAPHO OPTOTrOHANBHBIMU: OHH COOTBETCTBYIOT OJHOMY
CoOCTBEHHOMY 3HaueHHio A;= 2. OmHako W Jus A= 2 MOXHO HalTu
TNOMapHO OpPTOrOHaJIbHbie COOCTBEHHBIE BEKTODHI

e, €, e

JeficTBUTENIbHO, COOCTBEHHBIE BEKTOPBI, COOTBETCTBYIOIIHE A= 2,
Haxofstcss u3 ypaBueHus (7). B kauecTBe nepBoro coGCTBEHHOro
BEKTOpa e, BO3bMeM, HampuMep,

e, =e =(1,1,0,0)
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Bropoii cofcTBeHHbI!l BEKTOp e,= (¥, X,, X3, X,) HaiileMm us ycio-
BHs OPTOrOHaNbHOCTH e, L e;. Jlns sToro, Kpome (7), ROMKHO ObITb
*
*), 1. e
M3 cucremb! ypaBHenu#t (7) u (8) Haxomum:
e, =(0,0,1,—1).

Jnist OTBICKaHUS TPETbero COOCTBEHHOIO BEKTOPA e, = (X, Xy, X3, X,)
nobapisieM K ypaBHeHHIO (7) yCJOBHS OPTOrOHaJBLHOCTH BEKTOpa e, K
BEKTOpaM e, U e,, T. €. ypaBHEeHH:

Xy + X, =0, @)
X3—x, = 0. 9)
U3 cucrembl ypaBueHui (7), (8), (9) Haxonum:
eg=(l,—1,1,1).

Takum 06pasoM, MomnapHO OPTOrOHANbHBIMH COOGCTBEHHBIMH BEKTO-

pamMu JaHHOrO NpeoGpa3soBaHUsl ¢ SIBJISIOTCS:
e;=(1,1,0,0), e;= (1, —1,1,1),
e,=(0,0, 1, — 1), e, =(—1,1,1,1)

Ynpamuenus

Belsicuuth, A KaKWX H3 CJAEAVIOWMX MaTpuil peoOpa3oBaHuii
CYLIECTBYeT AMaroHajbHasi ¢opma, U HalTH ee (B CJyuae CyLleCcTBOBa-
HUS):

I =3 1\ /1 2 2 17 —2 —2\ /1 2 1
—3 1 1] (21 2} (-2 14 —1 (2_52
—1 15, \2 2 1) \—2 —4 1) \1 2 1)

2
0 1 =3 0 5—-5 1 3 3
I 0 0 -3 -5 5 3 1 4 —
0 —
, 0

-3 0 0 1 1 3 5 -5
0—-3 1 O 3 1 -5 5/,

N OO

0
0
2
1

O O W



FTnasa 111

EBKNIMAOBbLI NMPOCTPAHCTBA

§ 22. MOHATUE EBKIIMAOBA MPOCTPAHCTBA. MPUMEPLI

Onpenpenenue 25. EBKIHIOBBIM IIPOCTPAHCTBOM pasMep-
HOCTH 1 HasblBaeTcsl n-MepHOe JIMHeHHOe MPOCTPAHCTBO Haj MoJeM Be-
LLIeCTBEHHBIX YHCEJI, B KOTOPOM KaxKIOH Mape BEKTOPOB X H Y TOCTABJIEHO
B COOTBETCTBHE BellleCTBEeHHOe uHcj0o, of03Hauaemoe uepes (x, ¥) H Ha-
3bIBaeMOe CKaJISIpHBIM NPOM3BEJleHHEM 3THX BEKTOPOB, NpHUYEM BBINOJ-
HeHbl aKCHOMBI:

1% (x, y) = (¥, ).

12°. (x44 xg ¥) = (x5, ¥) + (2, V).

13° (@x, ¥) =a(x, y), e o — a060e BeUIECTBEHHOE YHCJO.
14°. (x, x) >0 nns moGoro BekTOpa x 5= 0.

EBK/IHMAOBO NMPOCTPAHCTBO pa3MepHOCTH n oBo3Hayaercs yepes E .

M3 akcuom 11°— 14° cienyer (moKauTe):

1. (8, 8) = 0.

2. (x, 8) = 0.

3. (gt XpF oo X V) = (X ¥) F (X, Y) Al (0 W)

4o (@it agXet o - Xy Y) = oulxy, Y) + oas(x,, Y F
F e T oop(xe ).

[Tpumepsn. 1. Hcxonnoe nunefiHoe npocrpanctBo V,. Cka-
JISIpHOE Npou3BefileH’e BeKTOPOB U3 V , onpelensieTcss KaK [IPOU3BeJeH e
AJUH BEeKTOPOB Ha KOCHHYC yIJIa MeXAY HHMH:

(%, 9) =] x| - [y] - cos (x, ¥).

Axcuombl 11°— 14° BHINOMHSAIOTCS, CJAELOBaTENbHO, UMEEM eBKJIU-
JI0OBO TPOCTPAHCTBO, AJISI KOTOPOTO COXPaHUM IpexHee obo3nauenue V ;.

2. Hcxonnoe nuneliHoe npoctpanctBo T,. CKanspHoe Npou3Bele-
HHe BEKTOPOB

X = (gi’ Ez’ .. 'vcn) HYy= (nlv Moy oevs nn)
onpefenuM ¢GopMyJoi

) =Cm +Cne ...+ Eom,e ()

Axcromer 11°— 14° nerko npoBepsilOTCsi, B YaCTHOCTH, akcHoma 14° Boi-
NoJIHAeTCS, TaK Kak u3 (1) cienyer

D=8+ G+...+8 >0
73



B nanbnefimeM mpocTpaHcTBO T, C YKa3aHHBIM CKaJIIpHBIM MPOU3-
BelleHneM OyleM obGo3Hayath uyepe3 7,° ¥ HasblBaTb apHUPMETHUECKHUM
€BKJIUJOBbIM INPOCTPAHCTBOM.

DTOT npHUMep MOKa3blBaeT, YTO A-MepHble eBKJIHMIOBH MPOCTPAHCTBA
CYLIECTBYIOT AJsl Jito6Goro n.

B Tom ke mpoctpancTBe 7', CKalsipHOe NpOU3BeLeHHE BEKTOPOB X
U Yy MOXHO 3alaBaTb (opMyJioi

* Y =Em +28m + ... +ng,m, . (1)

Mo2KHO POBEPH T, UTO aKCHOMBI 11°—14° 6y Ay T BHINOJIHEHB U TIPH 3TOM
onpefiesleHHH CKaslsipHOro npousBefieHusi. TakuM o6pas3oM, OAHO U TO
e JIMHeHHoe NPOCTPAHCTBO R, MOXKHO paslMYHBIMU CHOCOGaMH MpeB-
paTUTb B EeBKJHUJOBO, [0-Pa3sHOMYy OIpefleNsis CKalsipHOE MpPOH3Be-
neHue. DPopmyiia

=t +&n+...+ [ I 1"

OJHAaKO, He MOXeT OblTb NpUHSTA 3a ONpejesieHHe CKaJsipHOro Ipo-
usBenenuss B T, TaKk Kaxk HapywlaeTcss akcHoMa 14°: 1js BekTopa
x=1(0,0 ...,0,1)=06 no dopmyne (1”) 6yzer (x, x) =0.

3. Dror npumep Oyzer Gosee oOmuM, uem npeastayuwit. Hexon-
Hoe JuHefiHOe npocTpaHcTBo T, To ke, uyTo U B mpumepe 2. Ias on-
pellesieHds1 CKaJIipHOTO IIpPOM3BeleHHsT BO3bMEM HEKOTOPYIO BelIeCTBeH-
HYIO MaTpHIy

Ay Q. ..Qqy
A% -,
anl aﬂz A aﬂn .

BrisichuM, KakoBa JoxkHa ObiTh MaTpuna A, utoObl dopmyna

(%, y) = aytm + apbime + .. . + @, +
+ @5 8oMy + AoaloMe + ..« + @,,80M, +

@
+ anlgn UM + aii2§n ’12 + LC + anngn nn
ompefensiyia CKalsipHOE NpOHU3BeleHHe BEKTOPOB
x=(§1’ Cz» ey gn)’ y=("h» nZ!""nn)’
Axcuomel 12° u 13° BhInOMHsIOTCS A5 JioGoft MaTpuusl A, B uyeM

MOXHO JierKo yGenutbesi. UToObl BhIMOJHAMACh akcHoMa 11°, HeoGxo-
JUMO M JOCTATOYHO, YTOOBI

Ay = Ay )
T4



T. . yToBbl Matpuuna A Gblia cummerpuueckoil. Akcroma 14° Tpebyer,
yTOOB! BbIpa<eHHE

(%, X) = a8 + aplile + -+ . + @806, +
+ a1 8ols + @25 + - - 4850, +
(4)
+ a/ug/z Cl _I" anzgn CZ + e + anngi
GbIIO MOJIOKHUTENbHO st JoObIX 3HaueHn#t &y Ly, ..., L,, ONHOBpe-
MEHHO He paBHBIX HYJIO, T. €., KaK roBOpAT, 4YToObl KBaJpaTHuHas
¢opma (4) ¢ matpuieli A Obl1a NONOMKHTENBHO OMpEeeNeHHOH.
Ecau B KauecTBe MaTpulibl A B3AThb eJUHHYHYlO Matpuuny E, TO
dopmyana (2) npurumaet BHA (1) ¥ Mbl IONTydaeM eBKJIHAOBO POCTPAHCT-
Bo T,°. Ecan xe

1 0..0
0 2..0
A= . . . . .
0 0..n

10 popmyaa (2) npunumaer Bun (1').

4. HcxonHoe nuHefHOe NPOCTPAHCTBO — INPOCTPAHCTBO GYHKIMH,
HenpepbIBHLIX Ha oTpeske a <f < b (npoctpanctso C (a, b)). Cransp-
Hoe npousBelenne QyHkuuil x(f) 1 y(f) ompelesuM Kak HHTerpas ofT
HX TMPOU3BENEHHUS:

b
(5y) = [xyoat.

Axcuombl 11°— 14° BrinosHeHsl. ([Jokaxkute.) [TosyueHHOe eBKJIH-
IOBO MPOCTPAHCTBO OECKOHEUHOMEpPHO.

5. HcxopHoe mMpOCTPaHCTBO — MPOCTPAHCTBO MHOTOWIEHOB OT ¢
crenenn < n — 1. CkansipHoe npousBefieHHe ABYX MHOrouseHoB f(f)
1 g(f) onpelenum Tax ke, Kak u B npumMepe 4. [Tonyunm npumep n-mep-
HOTO €BKJIMJOBAa I[POCTPAHCTBA.

YnpasmHernue

[Tokasath, 4TO HEOOXOAUMBIM U JOCTATOYHBIM YCJIOBHEM MOJOXKHTENb-
HOH oOnpelie/IeHHOCTH KBaApaTHYHOH (POpMBI

auﬁ + 2a,,8,8 + azzgg

SIBJISAIOTCS HEpaBEeHCTBa
2
a3, >0, a0, —aip > 0.

HOJ’Ib3yHCb 9THM YCJOBUWEM, BBISICHHTE, KakHe HU3 CAeAyoUHX MarT-
pHUIl NPUTrOAHBl JIA OINpeAe/ieHHUs CKaNsgpHOro npousBeAEeHUS B T2 no

dopmyaam (2): 01 0 1 2 1
(1 0), (2 1), (1 1)'
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§ 23. ANMHA BEKTOPA. Yrofl MEXAY BEKTOPAMM.
HEPABEHCTBO KOLUMW.—BYHAKOBCKOIro

Akcuombl 11°—14° nosBossiioT BBecTH B E, HEKOTOpbIE MOHATHSA
METPHYECKOro XapakTepa.

Byzem ucxonuts u3 mpoctpanctBa V,. [as cxansproro mpousse-
JIeHHs1 BEKTOPOB X, Yy € V3, onpeleneHHoro GopmyJioi

(59) =] % |-1y |- cos (£) (M)
rie | x| u |y| — ATHHB BEKTOPOB, MMEEM:
(%) =|x Iz'
CrepoBartesbHo,

| x| = ]/(x,x).

STOT pe3y/bTaT MPHBOJHT HAC K CJERyiomeMy OOOOIIEHHIO TOHS-
THSl JJIMHBI BEKTOpa X MPOU3BOJILHOTO eBKJIMJOBA MPOCTPAHCTBA.

Onpepnenenune 26. [auuod eexkmopa x B €BKJIHJIOBOM IpO-
cTpaHcTBe E, HasblBaeTcst HeOTPHLATeNIbHOE 3HAYEHHE KBaJpaTHOIo
KOpDHSl H3 CKaJsipHOro KBajpara 3TOro BekTopa. [liMHa BekTOpa X
o6o3Hauaercs |x|.

Takum obpasom,

| x 1= (xx),

| x 2 = (x,x).

Uucno (x, x) — CKaJsipHbIl KBaJpaT BEeKTOpa X — MO aKCHOMe
14° HeoTpHLATENbHO, W MOTOMY KaX/IbIH BEKTOD HMEeT BIIOJIHE ONpeje-
JIHHYIO HeOoTpHLATeNbHYI0 IANHHY. HyseBoll BekTop sBisiercss eIuH-
CTBEHHBIM BEKTOpOM, AJHMHA KOTOpPOro paBHa HyJ/o. Bekrop, AsnHHa
KOTOPOro paBHa €AMHHIE, Ha3blBAETCS EOUHUHHbIM WU HOPMUPOBAH-
Howm. EciM o — HEKOTOpOe BellecTBEHHOe YHCJIO0, TO Mo akcuome 13°
M ONpele/]eHUI0 MJIHHBl BEKTOpa HMeeM:

| ax | =y (axox) = Y o2(x,0) = ||V (xx) =] a|-| x],

T. €. INpH YMHOXKEHHH BEKTOpa Ha BEUIECTBEHHOE YHUCJAO0 €ero HAJjdHHa
YMHOXa€TCsd Ha MOAYJb 3TOro 4ucJja. OTCIOlIa CJeAyeT, 4To KaXX bl
. 1
HEHYJIeBOH BEKTOD X MOXXHO HOPMHPOBaTb, YMHOXHB €ro Ha T
P
[Tpumepsn. 1. B npocrpancrse T,° Ans Bekropa x= (Lj, La,...
<., §,) TONyuYaeM BbIpaXKEHHE €ro JJHHBL:

lx|=yV G+ 8+ ... +0n

B KauecTBe ynpaKHeHHs HaWJMTe JJMHY BeKropa x = (3, 2, 1, 1) u
3aTeM HODMHpYHTE ero.

HJIH

76



2. B mpocrpanctee C (a, b) anuHa Bektopa x = x (f) OyZAeT BhIpa-
KaTbcs GopMyJioH

—
| x 1= (%) ='/ § xxtyat.

Onpenenenune 27. Yerom MexLy HEHYJNEBBIMH BEKTOpPaMH
X Wy eBKJIMAOBa NpocTpaHcTBa E, HasplBaeTcs 4HCIO

(x.y)
= arccos . 2
¢ (xllyl @)
CuefioBaTeNIbHO,
(xy)
Cosp = T, 3
¢ =Tl ©)
Yro6hl ONpefeeHre yria OblI0 KOPPEKTHBIM, Haf0 AOKa3aThb, uTO
(x,y)
— <2<l
Sxlyl T
T. €. 4TO
| () |
— 1,
[x]«1yl >
WM 4TO JJis JIIOObIX BEKTOPOB X, Y € E, MMEeT MecTo HepaBeHCTBO:
[y <] x| ]yl )

HepaBeHcTBO (4) HaswlBaloT HepaBeHcTBOM Koin—DByHsKOBCKOro

s HoxasaTesnbcTBa HepaBeHCTBa Koumi—DByHSIKOBCKOrO paccMOTpUM
BEKTOp

X — oy,

TZie 0. — MPOKU3BOJILHOE BEHIeCTBEHHOE UYHCJIO.
[To axcuome 14°

(x—ay, x—ay)>0, ®)
OTKYZa B cuay akcuoM 11°—13° monyuaem:
(y,)’) co?— 2(&)’) -0+ (X,)C) > 0. (6)

KBagpaTHblli TpexuneH OTHOCHTEJNBHO O, CTOSIIUHA B JIeBOH YacTH
(6), HeoTpHLATeJeH NMPU BCeX 3HAUEHHUSX O, a NOTOMY €ro AMCKPHMH-
HAHT He MOXKeT OBbIThb MOJIOXKHMTeNbHBIM. OTClOfa

(x,y)2 —(X,X) : ()’,)’) < Ov
HJIH
CE<ix Py
CrnenoBaTenbHo,
fen I<|x |-yl M
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U3 cnpasepnnBocT HepaBeHcTBa Komn—ByHSAKOBCKOro Asisi io-
6bIX JBYX BEKTOPOB NpoCTpaHcTBa E, clefyer, YTo yros MexAay Jo0bl-
MH JABYMSI HEHYJIeBHIMH BEKTOPaMH X M y CYIUECTBYeT Bceria.

IToxkarkeM, 4TO 3HaK paBeHCTBa B (7) MMeET MeCTO TOra M TOJBKO
TOrJia, KOria CHCTeMa BEKTOPOB X, Y JIHHEHHO 3aBHCHMA.

a) Ecnin ykasaHHas cucTeMa JHHeflHO He3aBHCHMa, TO X — QY 75
= 0 npu Job6oM o ¥ corsacHo akcuome 14° HepasenctBa (D) u (6) Oy-
ILyT CTPOrMMH, a IOTOMY JMCKDHMHHAHT KBaJpaTHOTO TpexusieHa
vy, y) a*— 2 (x, y) & + (x, x) OYyIeT oTpUUATENbHBIM U B COOTHOLIEHHH
() Oymer sHak <.

6) Ecsu e x U y JUHEHHO 3aBHCHMEI, TO AJis HEKOTOPOro a GyZer
X =0y M, CJIeJOBaTe/bHO,

l(x,y)|=|(ay,y)l=la(y,y)l=loclI(y,y)l=loally|2=
=lay|-[yl=]x]-]y]

U3 a) cnepyer, uToO ecsu CcKaJsipHOEe NPOM3BEfieHHe JBYX BEKTOPOB
pPaBHO NpPOU3BEJEHHIO UX JJIHMH, TO 3TH BEKTOPHI JIHHEHHO 3aBHCHMEI,
T. €. KOJITHHEeapHHI.

IIpuwmeps. 1. B npocrpaucree V; Hepasencreo Koumn—Byns-
KOBCKOro cJjeflyeT HenocpeAcTBeHHO u3 (1).

2. B npocrpancree T,° ans BekTopoB x = ({4, Loy ..., L) H Y =
=My, N2, ..., M,) HepaBeHCTBO Komm—DByHSKOBCKOro npuHuMaer BUA:

| e+ G+ oo +Lm|< VE+B+ o +8X
XY M A+ e
rgje 3HaK = 6y1leT TOorga M TOJIBKO TOrja, Korna npu HEKOTOPOM o

(Ciy Cop vee s Ca) =0(Myy Mgy v 5 M)y
T. e. Korja Ha6opbl KOOPAHHAT IPONOPUHOHA/bHEL.

¥Ynpamnunenue

Hanummure nepaBeHcTBo Koumv—ByHsAKOBCKOro AJsi mpocTpaHcTBa
C (a, b).

§ 24. MOHATUE METPMUYECKOTO MPOCTPAHCTBA

IokaxeM Tak Ha3blBaeMOe HEPABEHCTBO TPEYroJbHHKa AJIs JIi0-
GBIX ABYX BeKTOpOB x, y € E,. Mcnoap3ys akcuombl 11°—14° u nepa-
BeHcTBO Komm — ByHsikoBcKOro, mosyuaem:

| x4y =4y x+)=(x5%)+2(xy) + ) <] x 2+
+2[x [y |+HlyP=Ux1+1yDs )]
OTKYyZa
[x+y[<|x[+]y]
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HepaBeHnctBo (1) HAa3BIBAIOT HEpageHCMEOM MmpeyeoibHUKa. ITO
Ha3BaHHE OMpAaBIHIBAETCSI TEM, UYTO B CJyyae IMPOCTPaHCTBa V, Mbl
HMeeM JIeJIO C TPeYroJbHHKOM, JJIMHBEI CTOPOH KOTOPOro CyTh | x|, | Y|
u |x -+ y| (chenafite uepTex).

B mnpocrpanctBe T,° HepaBeHcTBO (1) 3anuuuercss B TaKOM BHIE:

VE 1P+ CFmPr+ v +@G+mP<
<V UOFE+ o +2+Y P+ + o

BrisicanM, Korzia B cooTHoileHuHd (1) umeer mecto sHak =. Cayuai,
Korjza XoTsi Obl OJUH H3 BEKTOPOB HYJEBOIl, OYEBHJEH.
a) Ilyctb oba BeKTOpa x M Yy HEHyJIeBble, HO

| x+yl=lx]+]y]

Torna
Ix+yP=|xP+2[x|-|y[+]y[
C zpyro#i CTOpOHHI,
lx+y P=+y x4+ =xx)+ 2060 +0y) =] x -+
+20y) + 1y
CuienioBaTesbHO,
@y =[xyl

a 370, Kak Mbl Bujenu padee (§ 23), o3Hauaer, uTO X = Ay, I'le & —
BEIIeCTBEHHOe uucno, U (x, y) > 0 (mocnemnee motomy, uro |x| >0
u |y| >0, Tak Kak o6a BeKTOpa HeHyJeBble). 3HAUHT,

(x,y) = (O‘yry) = oc(y,y) >0,
OTKyJa ciaenyert, uto o > 0.

6) O6parHo, myctb x = ay, rhe & > 0. Torzna
lx+yl=lay+yl=l@+Dy|=a+1]-[y]
lel+lyl=lay|+lyl=lal-lyl+lyl=(eal+Dly|=
=la+1]-]y],

H, 3HAuuT, NpH x = ay, rie a > 0 B coorHoweHuu (1), uMeeT MecTo
3HaK = .

Wrak, I/1s HeHyJeBBIX BEKTOPOB X M y B cooTHomeHuu (1) umMeer
MECTO 3HaK = TOrJa U TOJbKO TOTAa, Koria x = ay, riea > 0, T. e.
KOrJla BEKTOPHl X U Y KOJJIHHEAPHBl M OLMHAKOBO HAaNpaBJIEHBHI.

Ilnuua Bextopa x € E, siBasieTcsl, TakMM o6pas3oM, HEOTpHHATeJb-
HOM uHCJIOBOH (yHKuHMeH, ompeleseHHod Ha E, um objajaiouiedl CBOH-

CTBaMHu:
1*. ||x|| = 0 Toraa u TomBLKO TOTAQ, KOrAa x = 6.
2% e+ yil < lxfl + Iyl
3% [ ax |l = le] - [l



[IpousBosibHOE NuHefiHOe NMPOCTPAHCTBO R (He 06513aTeNbHO EeBKJIH-
IOBO), Ha KOTOPOM 3ajiaHa uucjopas ¢pyHKuus || x ||, obnanaomas coii-
crBamu 1*—3% HasblBaeTCsi HOpMUPOSAHHbIM, caMa XKe (YHKIMA
|l x|| HaseBaeTca Hopmol eexkmopa.

Takum oOpa3oM, €BKJHJOBBH [POCTPAHCTBA SIBJISIOTCS HOPMHPO-
BaHHbIMH, NpUYEeM HOPMOI BEKTOpa fIBJISIeTCS €ro JJ/uHa.

BBeflem nousTHe paccTosiHus P (X, y) MeXAY ABYMsl BEKTOPaMH X
H Yy TPOU3BOJBLHOMO HOPMHPOBAHHOIO MPOCTPaHCTBA R, MOJIOXKHB

pey) = x—y|. 2

310 onpelesieHUe HAXOAUTCS B NOJHOM COOTBETCTBHH CO CBOHCTBa-
MH PacCTOSIHHSI B OOBIYHOM TPEXMEpHOM INpOCTpaHCTBe. [lefcTBUTEb-

_*

HO, €cJid Touka A B IpOCTpaHCTBe sIBJIsIETCS] KOHLOM BekTopa x = OA,
—

a Touka B — KOHIOM BekTopa ¥ = OB, TO pacCTOsIHHE MeXJy TOYKa-

mMu A u B ecTb He UTO HHOE, Kak AJHHA Bektopa AB, paBHOro y — x.

Ha ocHoBe akcuoM HOPMSI (T. €. akcHOM 1* — 3%) MOXKHO MOJIYYHTB,
uro p(x, y) > 0, npu stom:

a) p(x, y) = 0 Toraa u TONBKO TOTAQ, KOTAa ¥ = Yy (CBOHCTBO TOXK-
JlecTBa),

6) p(x, y) = p(y, x) (CBOHCTBO CHMMETpHH),

8) p(x, ¥) < p (x, 2) + p(2, y) (cCBOHCTBO TpeyroJbHHKA).

B camom gmesne, u3 1* no ompelesenuio (2) caepyer a).

[To akcuome 3* u onpegenenuio (2) noayuaem 0), Tak Kak

py) =llx—=yll=](=Dy—xl=|—1] | y—xll=
= y—x| =pyx).

CBOHCTBO B) moJsiyyaeM IO ONpeleeHHio (2), MoJb3ysch aKCHO-
MOH 2%:

py) =llx—yll=llx—a)+E—=ylI<lx—z|+
+“ z—Yy “ =p x,z) —I—P(Z,)’)-

[IpousBo/ibHOE MHOXKECTBO, B KOTOPOM OIpefle/eHa HeoTpUIaTe/b-
Has BellecTBeHHass QyHKUHs p (x, y), objajaioiiass CBOHCTBaMH a),
6), B) (aKCHOMaMH METPHUKH), HA3LIBAETCS MEMPUHECKUM NPOCIPAH-
cmeom®. CjeloBaresbHO, BCSKOe HOPMHPOBaHHOE (B 4YaCTHOCTH, €B-
KJIHJOBO) TIPOCTPAHCTBO SIBJASIETCS METPUYECKHM IPOCTPAHCTBOM.

Ilns eBkauioBa mpocTpaHcTBa E, pacCcTOsiHHE MeXAy BEKTOpaMu
X U y onpefessercss GHopMmyJiol

py) = x—y 1=y (x—y,x— 3)

* PexomenayeM 6pounopy 0. A. Ipeitpep «Urto Takoe paccrosuue?». M., dus-
Mmairus, 1963.
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B 4YacCTHOCTH,

0(%,0) =y (x,x) =] x|,

T. e. JUIMHA BEKTOPa X €CTb PAaCCTOSIHHE OT ITOrO BeKTOpa X (TOUKH x)
1o BekTopa O (Toukn 0) — IO «Hauasna KOOpAHHAT» O.

§ 25. OPTOTOHAJIbHOCTbL BEKTOPOB. OPTOHOPMMPOBAHHLIK BA3MC,
OPTOrOHAJIbHO-AONOJNIHUTENBHOE NOANPOCTPAHCTBO

Onpenenenue 28. BekTopsl x W y eBKIMIOBA NMPOCTPAHCTBA
E, Ha3blBalOTCA OpPIMO20HAAbHbIMU, €CIH HX CKaJsipPHOE IPOH3BENeHHe
paBHO HYJIO, T. €. €CJH

CorJiacHO ompefieieHHI0 27 YroJ MexAy HeHYJIEBBIMH OPTOrOHAJb-
HBIMH BEKTODaMH DaBE€H %

Takum 06pa3oM, MOHSITHE OPTOTOHAJBHOCTH SIBJISIETCSI €CTECTBEH-
HBIM 000OLIEHHeM MOHATHS NepreHAuKyJasipHocTH. [loatomy st o6o-
3HAYEHHs] OPTOrOHAJbHOCTH BEKTOPOB HCIOJNbL3YIOT 3HAK L.

Ecmm x =0, T0 (%, ) =0, ) = 0 -2, ) =0(, y) =0, 1. e.
HYJIEBOH BEKTOP OKa3blBaeTcsi OPTOrOHAJbHBIM K JI000MY BEKTOpY.

W3 akcuombl 13° caenyer, urto ecan x L y, To nax_L y, T. €. opTO-
rOHaJIbHOCTh IBYX BEKTOPOB COXpAaHsIETCs NPH YMHOXEHHH JHoGOro
M3 HHX Ha MPOHM3BOJIbHOE BELIECTBEHHOE UHCJIO.

Ynpamnenus

1. B mpoctpanctee T, OpTOroHa/NbHOCTb BEKTOPOB X=(Ly, ..., {,),
y =Ny «, M,) 3aMHCLIBAETCS YCJIOBHUEM:
Emy + LMo+ o +8ime =0. 2

B uacTHOCTH, MNOHAapHO OpPTOrOHAJ/NbHBl BEKTOPHl CTAHAAPTHOIO
6asuca:

e,=(,0,0, ... , 0, =010 .., 0),.,e =
=(0, 0, ... , 0, I).
B xauectBe ynpaxcHeHus mnpeasaraercs 100aBHUTb K MaTpPHUE
I, 1, 1, 2, 1
A=1(1, 0O, 0, 1, —2
2, 1, —1, 0, 2
elle Be CTPOUYKH, OPTOrOHaJIbHbe APYT APYTY H CTPOKaM MaTpHIb! A.

2. TlokasaTh, Y4TO B NPOCTPAHCTBE MHOIOYJIEHOB CTENEHH < 2 €O
CKAaJISIPHBIM  [IPOH3BeJIe HHEM

1
(e = gf(t)ga)dt
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BEKTOpHl fo = 1, fy =, f, = £* -——;— MONapHO OpPTOrOHaJbHBI.

3. Tlokaxute, uro B mnpocrpanctBe C (—m, ) CO CKaJspHBIM
NpOU3BEJiCHHEM

he)= | Foende

Jo0ble IBa BEKTOpAa Tak Ha3blBAeMOH TPUIOHOMETPHUECKON CHCTEMbI
1, cost, sint, cos 2¢, sin 2¢, ..., cos nf, sin nt
MONAapHO OPTOrOHAJLHBL.
OTMeTuM JBa CBOHCTBa OPTOI'OHAJILHOCTH BEKTOPOB.

CeofictBo Il. Jliobas cucrema HeHYJeBBHIX MONApHO OPTOro-
Ha/lbHBIX BEKTOPOB

Ay Ay, ey Q 6]
JIMHEHHO He3aBHCHMA.

HonyctuM, uto cuctema (3) nuHeHHO 3aBicHMa. Toria cyuiecTByioT
He paBHble OJHOBPEMEHHO HYJIIO YMCJIA Cy, ..., C, TAKHE, UTO

cay + 6a, + ... +c,a, = 0. (4)

He napymas oOumHocTH, noaoxuM ¢; = 0. YMHOXKHUB 00e uactu (4)
CKaJISIPHO Ha @4 M YYUTBHIBas OPTOrOHAJILHOCTb BEKTOpPA @4 K OCTaJb-
HbIM, IIOJIYYHM, 4YTO

¢ (ay,qq) =0,

OTKYZa, B cuay ¢; = 0, caenyer, uto (a4, a;) = 0. Otcioza mo akcuome,
14° mosnyuaem a; = 0, uro npoTHBOpeunT ycJuoBHiO. CleI0BaTe/bHO,
JonylleHHe O JKHEeHHOH 3aBHCHMOCTH CHCTeMbl (3) HeBepHO.

CBoficTtBoO 2. Ecau BekTOp b € E, OpTOrOHajeH K KaxkAOMY
U3 BEKTOPOB

Q4yQyy oo, Qy,

)

TO OH OpPTOroHaJIEH K KaxKJIOMYy H3 BEKTOPOB JIHHEHHOTO MMOAIIPOCTPAaH-

CTBa L, HaTAHYTOrO Ha BEKTODHI Qj, Qg, ..., Q.
B camom pese, nycte L = L (a4, Qs, ..., a;) = {@4a4 + 005 +
+ ... +o,a,}, rme ay, ..., o, — NPOU3BOJIbHbIE BelleCTBEHHbIE

yucsia. CorJlacHO yCJIOBHIO W akcHomam 12°—13° umeewm:
(04 4+ 08y 4 oo 4 0,0,,b) = oy(ay,b) + ay(agb) + ... +
+ o, (a,,b) =0,
CaoiicTBO 2 siBJasieTcst o6o0ieHneM Ha Joboe BKJIHJI0BO NIPOCTPaH-
CTBO TeOpeMBl O ABYX NepHeHAUKYJAspax U3 3JeMeHTapHOH reOMeTpHH

(chenafite ueprex). 'oBopsAT, yTO BeKTOp b OpPTOrOHaNeH K MOAIPO-
crpadctBy L u numyt b_L L, ecnu b_L x, rae x—moOoi BekTop u3 L.
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Ynpamnenue

Bekropbl a; u a, oproroHaibHel. [lokasaTh, uto |ay + ay|t =
= |ay > + |az|? (reopema ITudaropa). O6obmuTte Ha cayyail HECKOJb-
KHX [ONMapHO OPTOIOHAJbHBIX BEKTODPOB.

U3 cBofictBa 1 U TeopeMbl 2 cjefyeT, UTO €CJAH HEHYJIEBbIE BEKTO-
pHl ey, €3, ..., €, TMpOCTpaHcTBa E, INOMapHO OPTOrOHA/NbHbBI, TO OHH
o6pa3syioT 6a3uc 3TOro0 MpPOCTPAHCTBA.

Onpeneanenune 29. Bekrops ey, €3 ..., €, OTJIHUHBIE OT
HYJIEBOro, 00pasyloT 0pnioeonarbHewi 6a3uc n-MepHOro  eBKJWI0Ba
[IPOCTPAHCTBA, €CJH OHH IONApHO OPTOrOHAJbHBL.

Onpeneaenne 30. Bexropel ey, ey, ..., €, €BKJAHAOBA IIpO-
CTpPaHCTBAa pa3MEpPHOCTH n 0OpasylT OpPMOHOPMUPOSAHHbIL 6asuc,
€CJIM OHHM TMONapHO OPTOTOHAJBHBI M KaxKAbIH MMeeT AJHHY, paBHyiO 1,
T. €. €CJH

1 npu [ =k,

0 mpu [ = k.

CyliecTBOBaHHE OPTOrOHaJbHBIX Ga3HCOB JOKa3blBaeTcst KOHCTPYK-
THBHO C [IOMOIIBIO TaK HAa3bIBAEMOro IpOLecca OPTOrOHANH3ALHH.

Teopema 24. Bo BcsKOM n-MepHOM €BKJHJOBOM NpocTpaHcTBe K,
CYIIECTBYIOT OpPTOrOHaJbHble (2 TakkKe M OPTOHOPMHPOBAHHEIE)
Gasucsl.

HoxkxasateasbcTBo. [lo ycnoBuio B npoctpaHctse E, ume-
eTcsi HeKOTOphil 6asuc, COCTOSIIUEA H3 BEKTOPOB

(e,,ep) =

Qy,Qs, oo, Qp .
ByneMm cTpouTh HOBHI, OPTOrOHa/NbHBIH 6asuc ey, ey, ..., e, Ilo-
JIOXKHM:
61 = a‘.

BekTop e, 6ynem HckaTbh B BHAe
&y = Qy 4 oLey.

BelllecTBEHHBIH MHOXHTENb 04 NOAOHpaeM Tak, uToObl ObLIO eyl e,
(3 ueprexka 5 BHAHO, KakMMH COOOpa:KEHHSIMH CJIEeAyeT DPYKOBOICT-
BOBaThCsl NpH mnojdope o y.)

AnreGpanuecku BbIGOp o4 TMPOM3BOAMTCS Tak. JloMKHO OBITH
(es, e) =0, T. e.

(@, + oqeyey) = (aseq) + oy (egey) = 0.

a
€7 ¢ %\ &

ay 2/
a6 é &6 &

-

Yepr. 5
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Orclofia OJHO3HAYHO HaXOAHM:

_ (o5.6y) .

(e.ey)

3aMeTuM, uTo e, = 0, uHaue Obuio OB ay + ayay = 0, uro o3Ha-
yaeT JMHEHHYIO 3aBHCHMOCTb CHCTEMBI BEKTOPOB @y, Q.

Ecnu n = 2, to mpouecc oxkoHueH. Eciau n > 2, TO, mocrpous
e, U ey, HIEM e3 B GopMme

ai=

’ ’
e; = a3 + ae; + e,

rie o, ¥ o, HaxXOLHM H3 ycJOBHH ezl ey U e;_L e,. A umenuo, u3
esl e, caenyer:

(as + 0‘131 + aéez,ei) = (az.ey) + all(ei,ei) + a;(ez,ei) =0,

OTKyZa

’ (as.€1)
% = — (e,e) *

Anasornuyno us ezl e, Haxonum:

o (as,e2)
e = — (epe0) °

B pesysbrare unMeewm:
’ ’ ’ ’ ’
e3 = Qg + oy + ap(ay + 04ay) = a3 + %eay + (o + oya2)ay,

OTKYyJa CJeLyeT, uTo e 7= 0.

Ecau n = 3, To mpouecc OKOHUEH, B IPOTHBHOM CJyuae NpoJoJ-
xkaeMm ero. Ecin yike mocTpoeHb! BEKTODEHL €4, €, ..., €,_4, TO BEKTOp
e, uilleM B ¢opme

e, = a, -+ o.e, 4 0, + ... - Op_18p_1,

rie Koa(pHUIHeHTH! Oy, ..., O,_; HAXOAUM H3 YCJOBHA e,-l ey, ey, ...
LLL ) ek_i-
[Tonyuum:
(an ,e1) (ar ,e0) (an er—1)
O!,iz———l, Oy = —— 7——"9 e 9 Qp | = — 7
(e.1) (e2.€2) (er—1,er—1)

DTOT mpouecc HOCHT HasBaHWE Mpolecca opToroHasnusanuud. On
npoJo/Kaercss 0 HCUeprnaHus BeKTopoB Gasuca a,, ds, ..., a,. [loay-
YeHHble BEKTOPHI €4, €y, ..., €, M0 MOCTPOEHHIO NONAaPHO OPTOrOHAJIbHEI
U OTJIMYHBI OT HYJIEBOrO, CJIeNOBaTeNbHO, OHH O0pasyloT OPTOroHa/b-
HbI Gasuc.

Hns nosyueHHsi OpTOHOPMHPOBaHHOro 6Gasuca OcTaercsi HOPMHPO-
BaThb BEKTODH! €y, €y, ..., €,,.

M3 teopemnl 8 cienyer, uTo /0GOH BEKTOP ay = 0 MOMXKHO BKJIO-
YHTh B cocTaB 0a3uca JIMHEHHOro mpocTpaHcTBa R,. 3aMeTHM, 4TO M
B TeopeMe 24 JoKa3aHO TaKxke HeuTo OoJiblliee, YeM B Hefi yTBepxKia-
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JIOCh, @ UMEHHO: J1I060# BEKTOp e; AMUHBI 1 MOXKHO JONOJHUTH AO Op-
TOHOPMHpOBaHHOro 6asuca mnpocTpaHcTa E,,.

Cnenyroomasi TeopemMa IOKasblBaeT 3HayeHHE OPTOHOPMHPOBAHHBIX
6a31ucOB B OMNpeJe/eHUH CKaslsiPHOrO IMpOH3BELEHHUS.

Teopema 25. 1) B opToHOpMupOBaHHOM 6a3uce €eBKJHAOBA IpO-
CTPaHCTBa CKassipHOE TNpOM3BefleHHe JoObIX ABYX BEKTOPOB DaBHO
CyMMe TIPOM3BeJeHHH COOTBETCTBYIOLUIMX KOOpJAHHAT:

(xsy) =Ty +CMa + oo +Camp (6)
rie §; u m; — KOOpJMHAThl BEKTOPOB X M y B yKasaHHOM Oa3uce.
2) O6paTHo, ecqu B HekotropoM Oasuce ey, €;, ..., €, €BKJHLOBA

npoctpaHcTBa E, CKansipHoe Npou3BeleHHe J0ObIX JBYX BEKTOPOB
x u y 3anaercsi gopmyJoft (5), To 3TOT Ga3uc sABJAsIETCS] OPTOHOPMHUPO-
BaHHBIM.

HokasarteasctBo. 1) Ilycts ey, €y, ..., €, — OPTOHOPMH-
poBaHHbIl 6asuc mnpocrpanctBa E,, Tak 4To
( ) 1 npu i =k,
€;9€)) = .
7k 0 mpu i = k.

[To akcuomam 12°—13° mns BEKTOpPOB

x==0e 4+ Cobs+ . +Cneny y=me + Moy + oo 4 Mntn

6ylleM HMMeTb BblpaKeHHe CKaNspHOrO NpPOHM3BeNeHHUs] B KOOpAMHATAX
B ofuieM BHIE:

(X59) = (Ciey + Gl + oo +Cneny My + Moy + oo FMnen) =
= Cnylersey) + Cmalersea) + oo 4 TMn (eg9€n ) +
+ sz(ezsﬁ) + anz(ez,ez) ‘|‘ + Cz’]n (ez,e,, ) +

-+ gn ni(en 961) + gn nz(en ,62) + .+ gn Nn (en +€n )

YuuThlBas yC/J0BHE OPTOHOPMHPOBAHHOCTH BEKTOPOB 0Oasuca, mo-
JyyaeM HauGoJsiee NMPOCTOH BHJI JJIsi BhHIpaXKEHHS] CKaJsiPHOrO MpPOM3-

BEICHUA:
&) =Tmy + EMy + oo 4+ Ca M

2) Tlycte Tenepnr B HEKoTOpoM 0asuce ey, €y, ..., €, LIS IPOU3BOJb-
HBIX BEKTOPOB

xX="Ce;+8ey+ .. +lueny, Yy="e + e+ ... +Men
nMeer Mecto (5):

*xsy) = Cmy + G + oo 4 Loy

Ilpumenum 31y copmyay Ans 6asucHBIX BEKTOpPOB. Tak Kak
e;=0.¢,4+0-64+ ... +1-¢+ ... +0-¢,
e,=0-e,4+0-¢6,+ ... +1-¢,4+ ... +0-ep
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TO
(e, e)) =1 nmpu i =k u (e, e,) =0 npu i+ k.
CrepoBate/ibHO, BeKTOpHl Haulero 6asuca OPTOHOPMHPOBAHBL

Ynpaxnenus

[7], Ne 1357—1363;
[10], Ne 901—902, 905.

B xauecTBe JONO/HEHHA K CBOHCTBY 2 OPTOTOHAJ/bHLIX BEKTOPOB
JOKaXKeM TeMepb, UTO COBOKYNHOCTb L; BEKTOPOB mpocTpaHcTBa E,,

OpPTOTOHAJIbHBIX HEHY/IeBOMY BEKTOpPY €4 € E,, €CcTb NOAMpPOCTPaHCT-
BO pa3MepHocTH n — 1.

Bribepem oproroHaJbHbIH 6asuc mpocTpaHcTBa E,, colepxaiiuii
BEKTOpP €4: ey, €s, ... , €,. JHAUMUT,

gy €3 ««vy €, 1€y,
a TMOTOMY
€, s, ..., €, €L,
[IycTb x — mpOM3BO/IBHBI BEKTOp MpocTpaHcTBa E ¢

x="Ue +0e+...4+C,e,.
[Torpebyem, urobel x € Ly. Torma (x, e;) = 0, T. e.

(X, e)) =Cy(e, e) + Lalen ) + ... L, (e, €) =0.
Orciona ,(ey, ;) = 0, a moromy §; = 0.

Takum o6pasoM, J0Go# BeKTOp x € L, JIMHEHHO Bblpaxaercs ue-
pe3 BEKTODHI ey, €3, ..., €,. A Tak Kak MOC/IeJHHE JHHEHHO He3aBHCH-
MBI, TO TIO ONpeleseHuio 4 OHM COCTABJSIOT 06a3uc MpocTpaHcTBa L.
CnenoBaresnbio, no Teopeme 5 dim L, = n—1.

Onpeneanenune 3l. OpmozoHarvroim OONOAHEHUEM TOANPO-
crpaHcTBa L npocrpaHcTBa E, HasblBaeTcs COBOKYMHOCTb L* Bcex
BEKTOPOB M3 E,, OpTOroHanbHHX K L.

HNokaxeM, uro L* siBsisieTcA MOANPOCTPAHCTBOM IpOCTpaHCTBA E,,.
[Iycts x*, y* € L*. D10 03HAuaeT, YTO €CJH Xx— MPOU3BOJIbHLIH Bek-
Top u3 L, 10 (x*, x) = (y*, x) = 0, u moromy

(6* + 9%, ) = (%, 0 + (0%, 0) = 0.
CrnepoBarenbHo, x* + y* € L*. Kpome Toro, JAss IPOH3BOJILHOrO
BElIeCTBEHHOr0 uhcaa o U Jawoboro x* € L* uMeeM:
(ax®, x) = a(x*, x) =a-0=0.
CanepoBarenbHo, ax® € L*. Tlo Teopeme 7 mosyuaeM, uro L*— mog-
IIPOCTPAHCTBO.

Tor ¢akT, uro moampocTpaHcTBO L* Ha3BaHO NOMONHEHHEM TOX-
npocrpaHcTBa L, oObsicHseTcsl caepyiolieil TeopeMoi.

Teopema 26. [IpoctpanctBo E, ecTh mnpsMas cymMma IOANPOCT-
paHcTB L u L*,
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HokasateabcTtBo. CorjacHo onpegejeHuio 8 jgocTaToy-
HO JoKasaTb, yto L + L*¥ = E, u L (1 L* ={0}. Ilycts x; € L L¥
T.e. xy €L u xy €L* Torjga no omnpeleneHHio IPOCTPAHCTBA
L*x, L x4, T. e. (x4, x4) = 0. Orciona no akcuome 14° x, = 0.

Takum obpasom, L N L* = {0}. Ilokaxkem, Temepb, uro L -+

+ L*=E,. llyctb dimL =k u ey, €, ..., €, — OPTOrOHaJ/bHBIHA
Gasuc mpocrpancrBa L. IomonHuMm sToT 6asuc Ao Gas3uca Bcero npo-
crpaHcTBa E, BeKTOPaMH .y, ..., @, 1locjie BBHIIOJHEHHS OPTOro-
Ha/iM3ali{ [OJYYHM ODPTOrOHa/bHBIH 6asuc
61, 62, ooy ek, ek+i’ “eey e”
npocrpaucrea E,. Torga nmpu 1 < i<k u k4 1< j<n Gylem
uMeTh (e;, e;) = 0. CnefoBaTespHO, €y, ..., €, € L*.
[Tycte x — moGoii BexTop U3 E, H
X=a + 08+ ... +a8,+0pipsy+ .. +0,€,
Tak xak oy + ... Fae, € L, a oy €0+ ... @, e, EL%,
TO
E,=L+L"

YnpamuneHrHus
[7]1, Ne 1366, 1367.

[Tycte L — suHeliHOe mnoAmpocTpaHcTBO mnpocrpaHcTBa E,. Io-
Ka)keM, uTO Jo0oi BekTop x u3 E, ONHO3HAYHO IpelCTaBJiIseTcs B
puge x =y 12, rae y € L u z.1 L. Bekrop y HasbiBaeTcs OpTo-
rOHaJILHOH IpoeKuueld BeKTopax Ha MOANpOCTpaHcTBO L, a 2z — op-
TOrOHAJibHOM COCTaBJSIONIEH BEKTOpPa X OTHOCHUTENbHO L.

[lyctb €4, €3, ..., €, — HeKOTOpbIH 6asuc moAmpocTpaHcTBa L.
BynheM uckaTb BeKTOp Y, TpebyeMblil 3afaueil B BHle
Yy=1ce +Cey+ ... +Crep, 6)
rjae uucaa Cy, C, ..., C, HallleM U3 yCJOBHSI OPTOrOHAJILHOCTH BEKTOpPA
x—9y K L.
U3 x — y_L. L caenyer, uro (x — y, ;) = 0, a orcrola
x,e)=,¢e), i=12, ..., k

TakuM o6pasom, MOsiyyaeM CHCTEMY AJISI OTBHICKAHHS UHCEN Cy, Cg, ...
ey Cpl
(e e)cy +(ex ) e+ oo+ (er €1) Cp = (X, &),
{en, e Cy + (5, €)oo+ oo (e ) Cp = (X, &),

™

DY D ] .« . o s e e

(e, ex)Ci (e ) Co+ -+ (ens €2) € = (X, &)

Ecnu Gasuc ey, ey, ..., €, OPTOHOPMaJieH, To cucreMa (7) obparaer-
csl B CHCTEMY

¢ =(x, €) =12 ..., k), ®)
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OTKYAa HAXOAATCS M TPHUTOM ONHO3HAYHO KO3DDHUHEHTH Cy, Ca,
..., Cp. Tak Kak 6a3uc Bceria MOXXHO OPTOHOPMHPOBATDb, a HCXOJHOE yc-
soBue x — y_L L He 3aBHcHT OT 6a3uca, TO TE€M CaMbIM JOKAa3aHO Cy-
[IECTBOBAHHE W €JMHCTBEHHOCTL BEKTOpa ), Takoro, uro x — y1 L.
Orciofia c/eflyeT, 4TO IIPU NPOHU3BOJILHOM Oasuce ey, ey, ..., €, OI-

penesutenb cucreMsl (7)

(eii ei) (ez’ ei) e (ek! ei)
(e1, e5) (ex, €3) ... (en, )

. e

(e;, ék) .(ez; e;e) ces (.ek, e};)

OT/IMYEH OT HyJsd (Tak HasblBaeMblil ONpelenuTesab [pama BeKTOpOB
€y, €3, ..., €p).

Takum obpasom, uucnia ¢y, €y, ..., €, HaXOAUM U3 cHcTeMbl (7), a

3aTeM no ¢opmyJe (6) u cam BekTop y. Hafils BekTOp Y, mosaraem
z=x—y.

[1pumep. HaliTH OpTOroHa/NBHYIO NMPOEKIHIO Y U OPTOrOHAJb-
HYIO COCTaBJISIIOILYI0 2z BeKTopa x = (D, 2, —2, 2) Ha JiuHeliHOE MpO-
CTPaHCTBO L, HaTSHYTOe Ha BEKTOPHI

ee=(2,1,1,—1), e=(,1,3,0).
Pemenue. CucreMa BEeKTOPOB ey, e; — 0asuc L. IlycTb
Y =€) + Coy.
Tak kak
(e, ) =7, (e €) =06, (x,e)=38,
(e, ) =6, (e 8) =11, (x,8) =1,
TO cucreMa (7) NpUHHMAaeT BHA:
Te, + 6c, =8
6¢c, + 1lc, = 1
OTCIOfla MosyuaeM: ¢y = 2, ¢, = — .
y=2¢,—e, =@, 1, —1, —2)€L.
z=x—y=(2,1,—1,4) 1 L.

YnpaxHnenusn

{71, Ne 1370—1372;

[10], Ne 906.

Paccrosinnem oT BekTopa Xx J0 JHHeHHOro MHoroobpasusi H =
= L + x, HasblBaeTcss MHHHMYM pacCTOSIHME OT JaHHOTO BEKTOpa M0
BEKTOPOB MHOroo6pasusi, T. €. MHHHMYM JJIHH BeKTODOB X — u, TAe
u — BekTOp U3 H.

JlokaxkeM, 4TO yKa3aHHOE pacCTOSIHHE PaBHO [JIHHE OPTOrOHAJIb-

HOH cocTaBJisgloLIell z BEKTOPOB X — X, OTHOCHUTE/JIBHO JIMHEHHOro MOA-
npocTpaHcTea L.
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[lyetb x — xy = y + &, rlle y — OpTOroHa/bHAs MPOEKIHs BeK-
TOopa ¥ — X, Ha L, z — ero OpTOroHa/bHasi COCTABJSOIAs OTHOCH-
TesbHO L, Tak uro x — x, — y-L L.

Hmeem:

X—U=(X—X5) — (U —Xg) =[(x — Xp) — Y] + [y — (u— xp)].
3nech (x — xp) —yL L, y— (u— x,) € L, a notomy

X —uf=@x—u x—u)=[(x—x) =y +|y—(u—x)

Tak kax mepBoe cjaraeMoe He 3aBHCHT OT 4, TO min | x — u| Jo-

cTHraercs nmpH min |y — (u — x,)|, KOTOpHIi paBeH HyJIO (MpH u =
=y 4+ x, € H). CaegmoBareinHo,

min|x —u| =|(x — x) —y| =2,
4TO U TpefoBaJoCh J0Ka3aTh.

Ynpawmnenue
[7], Ne 1374.

Tenepnr nokaxkeM, 4TO M3 BCEX BEKTOPOB JIHHEHHOrO MOAIPOCTPaH-
cTBa L HauMeHbIUMH yroJ ¢ JaHHBIM BeKTopoM x € E, ofpasyer opTo-
roHa/JbHasi MpOEKIHs y BeKTopa x Ha L.

[lycTb x =y + 2, e ¥ U z UMEIOT TOT K€ CMBICJ, YTO U BHILIE,
Torna

=0+ =0N+EGY=09=|y>3
a HOSTOMy

cos (, y) = (238 I ') i ]
[x]- 1y Lxl- |yl xl
[Tyctb Tenmepb y’ — NMPOU3BOJIBLHBIN BeKTOp M3 L. YUMTHIBas, 4TO

wN=0+2Y)=0.9)+E@y=07Y)
[osiy4aem:
cos (x, y) = —& ) YY) Iyl 1yl

el 1y’ | Ixl- 1y 1 lxl-1y|
Iyl

[x]

~cos(y. ¥) <

<

= C0S (X, ),

<

uTO U JOKa3blBaeT yTBEpKIEHHE.
Yros MeXIy BEKTOPOM X W €ro OpTOrOHa/JbHOH MpOeKUHeH Ha Mmoj-
IIPOCTPAHCTBO L Has3bIBaeTCs yrJoM MexAy x u L.
¥Ynpamwnenus
[7], Ne 1402, 1403;
[10], Ne 909.
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§ 26. MY3OMOPMM3IM EBKIMAOBLIX MPOCTPAHCTB

Onpepenenne 32. [lpa eBKJAMAOBBIX NpoCTpaHcTBa E, U
E] Ha3bBalOTCA US0MOPHoLMUL, €CTH MEXLY HHMH MOXHO yCTAHOBHTDH

B3aHMHO OJlHO3HauHOe coorBercTBHe D, Takoe, 4TO:
L ®(x+y) =D(x) + D(y)
2. @ (Ax) = AD (x),
3. (%, 9) = (@ (x), DY)
rie A — MpPOM3BOJbHOE BEIECTBEHHOE YHCIIO.
IlepBele 1Ba yc/0BHA O3HauaioT, yto E, u E’ u30MOpdHE! Kak Ju-

HEefHBIE TIPOCTPAHCTBA, TPEThE yC/JIOBHE O3HAUYAeT, UTO MPH M30MOPPH3-
Me @ coxpaHsieTCsi CKaJsipHOE IpOH3BeleHHe.

Teopema 27. JlioOble [Ba €BKJIMAOBBIX npocTpaHcTBa E, M E)
Pa3MEpPHOCTH 7 H30MOPQHBI.

JokasateabcTBo. Bubepem B E, u E, HEKOTOpbE OpTO-

HOPMHPOBAHHbIE 0a3uChl ey, €y, ..., €, H ey, €y, ..., €, COOTBETCTBEH-
Ho. [lasnee, Ka)KAOMy BEKTOPY

X = Ciei + Czez_l_ L) +Cn €,
u3 E, nocraBum B coorsercTBue Bektop @ (x) M3 E,, paBHbIi
DO (x) =Ly, + Loy + ... + Cee .

Takum o6pasom, x 1 D (x) UMEIOT B COOTBETCTBYIOMUX 6asucax Oxu-
HakoBble KoopAuHaTel. OueBnAaHO, ycaoBus | u 2 onpenenenus 32 Oy-
IyT BBHIMOJIHEHBl. YcCJ/0BHe 3 TakxKe BBINOJHsAercs, nbo ecau

Y=g + M+ ... +M,8,, DY) =mne + e, + ... +n,6,
TO, YUYMTHIBasi OPTOHOPMHPOBAHHOCTbL 6a3HCOB {e} u {e'}, nomyunm:
) =Cm+Ln+ ... +5m, 1 (@), DY) =
= Cf‘h + Cz”]z + e + gn Tlni

(x, Y) = (@ (x), DY)
Kak caefcTBue, mosyuaeMm, YTO Ka){IO€ €BKJIMIZOBO [POCTPAHCTBO
E, u3omoppHO apHMETHUECKOMY eBKJMAOBY npocrpancty T?.

§ 27. OPTOFOHAJIbHLIE MATPHULLbI

[lycts ey, €y ..., e, U e, ey, ..., e, — ABa Ga3uca eBKJAHAOBA
npocTpaHcTBa E, u
1 Gro -+ Gyn
Q= Gt Gaz -+ Gan
qn] qll2 M qllll

90



— Marpuua nepexosa or Gasuca {e} k Gasucy {e'}, T. e.
e' = qﬂei + 42132 + e + q/zl n’ l

'

32— Q1284 + qzzez+ cve T Gusns l
. Co . 1
- qwe1 + qzneZ + . qnn

Kak met Bunenu B § 7, MaTpuuefi nepexofia ot ogHoro 6asuca K Jpy-
roMy MOXKET CJYKHTb JiioOasi HeBBIpOXKJAeHHasi maTpuua. B eBxjaupo-
BbIX NPOCTPAHCTBaX 0COOYI0 POJIb UTpaloT OPTOHOPMHpPOBaHHbIE Gasu-
Cbl, TOSTOMY €CTECTBEHHO MNOCTaBUTb BOMPOC: KAKHMH CBOMCTBAMH
obsafiaeT Matpuna Q B ciyuae, Koraa Gasucel {e} u {e'} oproHOPMUPO-
BaHbl? B 3TOM ciayuae s BEKTOPOB e, €, ..., €, N0 Tecpeme 25
uMeeM (mas i, k=1, 2, ..., n):

. N _ (1 ecmn i =k,
(€ @) =99+ 9for + -+ + 9nifnr = {0’ ecau i = k. 2

PaBeHcTBa (2) 03HayalOT, YTO KaKAblil cTO/IOEl MAaTpULbl () HOPMH-
poBaH, ¥ Jo0ble JBa CTOI0LA OPTOTOHAJMbHBIL.

Onpenenenue 33. Marpuua, y KOTOpoii KaxAbli CTOJ-
Oerl HOpMHpOBaH, a JioOble JBa pa3/MYHBIX CTOIOLA OPTOrOHAJbHEL,
Ha3bIBaeTCs OPTOrOHA/BbHOH.

Mrak, mMarpuua nepexoja OT OJHOIO OPTOHOPMHPOBaHHOro 0Gasuca
K ApyIOMy OpTOrOHaJsbHA.

[Ipumepbl OpPTOrOHAJbHLIX MAaTpPHIL:

00 1\ /(—1 00 23 23 —1/3
1 00 0 0 1 23 —1/3 23
o 1o/ \ 0o —10/ \—13 23 23

Ecin marpuuma @ opToroHajmbHa, a Q' — TpaHCIOHMpPOBaHHAs
K He#l marpuua, TO

Qu q21 +++ Gm 9y G2 -++ Gy 1 0...0
R Rl sl P
G Gon +++ Gan Gu Gnz +++ Gun 0 0...1
HWrak, ecou Marpuua @ OpTOroHasbHa, TO
Q-Q=E. ()
Orciofia crrefyer, uTo MaTpuua Q HEBBIPOXKAEHHAs H 4TC
Q =Q )
CnenoBaresnbHO, BMecTe C (3) HMEET MECTO TaKXKE€ COOTHOLICHHE
Q-Q =E, )
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q“ in Y qln q“ qu “ e qnl 1 O “ e O
SRl | RS ol ) I B
qnl q/lz A qllll qln qzn LR q,,,, 0 O .o 1

W3 papencta (5') BHMAHO, UTO M CTPOKH MaTpHubl Q TakxKe OpTO-
HODMHPOBaHBHI.

Takum obpasoM, ecau CTOJOHB! MaTpPULLI OPTOHOPMHUPOBAHBI, TO
OPTOHODMHPOBAHBl U €€ CTPOKH.

Tak kak |Q| = |Q’|, To u3 (5) mosyuaem, uro |Q[2 = 1, orkyaa
[Q] = == 1, T. e. ompelenuTenb OPTOrOHANLHOM MAaTpPHibLl paBeH |
uan —1 (o6parHoe, BooOuie rosopsi, He Oyler BepHo. [IpuBenuTe
npumep).

[Tycts Tenmepp (@ — NpOM3BOJIbHASI OPTOrOHAJbHAs MaTpHia H
ey, e, ..., e, — OPTOHOPMHDOBaHHBIA Oasuc npocrpancrea E,. Toraa
BEKTODHI €', e,’, ..., e,, onpelenseMbie paBeHcTBamH (1), 6yayT op-
TOTOHAJNbHBI M HOPMHPOBAHBI — 3TO CJefyeT Hu3 paBeHcTB (2). Ta-
KUM 00pasoM, BCsiKasi OPTOrOHaJbHas MaTpPHLA €CTb MaTpHua [epe-
XOJla OT OJIHOr0 OPTOHOPMHPOBAHHOro 0asica K JpyroMy OPTOHOPMH-
poBaHHOMY Oasucy.

[Tpumepsr. I. Ilokasate, uto npu n = 2 BcAKas OPTOrOHAJb-
Has MaTpula C ONpeJlesiuTesNeM, paBHBIM - 1, MMeeT BHA:

cosa — sina
sina cosa/,

A\

T. €. sIBJsieTcss Marpuued mnpeobGpa3oBaHMsi MOBOPOTA HA YroJ o.
Pemenne. [lycts
Q= a b
c d

— opToroHasjpHasi MaTpuua c onpefeauteneM |Q|= 1. Toraa us
yeaouit Q7= Q' u |Q = 1 umeem:

d —b\_(a ¢
—c a b d).
Orciofia cienyer, uto a = d, b = — ¢. Marpuua Q, TakuM o0pasom,

HMEET BHI:
Q —(a —¢C
4 al,

rie Mo YCJOBHIO IQ] = a?+ c?= 1. Tlomaras a = cosa, ¢ = sina,
MOJTyyaeM:

Q = (cosa —sina
sin o cosa /.

2. ﬂCHO, UTO LEJIOUMCJACHHass Marpula sABJAETCA OpTOl‘OHaJ'leOﬁ
TOrla ¥ TOJNBKO TOTJa, KOrja B KaxJou CTpOKE H B KaxAOM croabue
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HMEEeTCA TOJMbKO OAMH OTJIHUHEIH OT HYJIA 3JIEMEHT, paBHBIH -+ 1 uan
— 1.

IlokasaTb, uTO Bcero HMeeTcss 27 - n! [EJOYHC/JCHHBIX OpTOro-
HaJIbHBIX MaTpHL HOpAAKa 7.

Pewenue OuyeBUIHO, MEPBYIO CTPOKY HCKOMOH MaTPHIIBI MOK-
HO BhIOpaTh 2n cmocobamu. C KaxAbM BbIOOpOM uucaa -+ 1 wim — |1
B IEPBOH CTPOKe corsacyercs Jo0od u3 2 - (n — 1) BbIGOPOB umncsa
4+ 1 uwau — 1 Bo BTOpOit crpoke. Bcero mosnyuaem 21 - 2 (n — 1)
BLIGOPOB uHcaa =+ | B mepBeIX ABYX cTpokax. C KaxIbM M3 HHX CO-
raacyercs Jio6oit u3 2 (n — 2) BrIGOpOB uncaa + 1 wan — 1 B Tpe-
Tbhe#l CTPOKe W T. A. Bcero mosnyuaem, TakuM o6pasoM,

2n-2n—1)-2n—2) ... 2-1=2".nl
HCKOMBIX MaTpHIL.

MOXKHO BBIIEJIHTh ILIEJOUUCTEHHEIE OpPTOTOHAJbHBIE MATpHIB!, B
KOTOPBIX B KauecTBe HEHYJIEBOro 3JjeMeHTa OyleT Toabko + 1. Obuee
YHCJO TAKMX MaTpHIL NMOpsiika n paBHO n! DTH MaTpPHUbLl HA3bLIBAIOT
MHOIJA MOACTAaHOBOUHBIMH. Takoe Ha3BaHHE OODBSCHSETCS TeM, UYTO
KaxKJas M3 HHUX OCYIIECTBJseT HEKOTOpYyi0 MoAcTaHOBKY. Hampumep,

01 00
0 010
Fp X X5 X)L o 0 0 1 ]=&e X Xy Xg),
1 0 0O
T. e. B39Tas HAMH MaTrpUIa OCYILECTBJSET MOACTAHOBKY
X1 XgX3Xy

3. TokasaTb, YTO MHOXKECTBO BCEX OpPTOrOHAJNbHBIX MAaTpHIl IO-
pAlka n o00pa3yeT TpPYyNNy OTHOCHTENbHO OMNEpallH YMHOXKEHHS
MaTpHIL.

Pemenue. Ilycte mMarpuubl Qq u Qy OPTOroHa/NbHBEL. 3HAUHT,
Q/ = Q' m Q' = Q7t. Torma (QiQ0) = Q'Q' = Q7'Q ! =
=(Q,Q,)*. CrnenoBaTesbHO, NPOU3BEJCHHE OPTOTOHANBHBIX MaTpHIL
€cTb OpPTOrOHaJbHAsi MaTpula.

Kpome Toro, (Q')' = (Q) = Qi = (QH)~' 1. e wMmarpuua

1—1, ofpaTHasi OpPTOrOHAJbLHOM Marpuue Q, TakkKe OPTOrOHaJbHA.

Ynpawnernus

1. Tokasatk, uto U3 ycaoBus (4) caenyer, 9To Q — OpPTOroHa/b-
Has MaTpHUa B CMLICJTe ompefenenuss 33.

2. IlokasaTtb, uTO mpH 7 = 2 OPTOTrOHa/JbHasi MaTpHLA C ONpeAesuU-
TesieM, paBHbIM — 1, HMeeT BHA:

COs O, sina
sino — cosa/.
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§ 28. OPTOTOHAJIbHbLIE TMPEOBPA3OBAHMS EBKIMAOBA MNPOCTPAHCTBA

Onpeneaenune 34. JluneliHoe mpeoOpasoBaHHE ¢ eBKJIHIO-
Ba mpocTpaHcTBa E, Ha3bIBAETCS OpIMO2OHAAbHbIM, €CJIH OHO COXpa-
HAET CKaJ/lsipHOe INpOM3BeJieHHe BEKTOPOB, T. €. eCJH

(@x, 9y) = (£, ) 1
AJsi Bcex x, Y€ E.
IMonaras B (1) x = y, nosyuaewm:

((Px’ (Px) = (X, X),
T. €. Aas Joboro x € E,

lox [ = x| 2
CJieJloBaTeNbHO,

[ox| =[x}, ®)
T. €. OpTOrOHaJbHOe MpeobpasoBaHUE COXpaHSeT MJIHHbI BEKTOPOB.
B cBsI3W ¢ 3THM rOBOPSAT, YTO OPTOrOHaJbHOE Mpeobpa3oBaHHE He Me-
HsIeT METPUKH mHpocTpaHcTBa E, .
[epexox (1) =(2) = (3) O6paTPIVI B camom jpesne, mycts (3) BepHO
s Jgroboro Bekropa u3 E, . Toraa

le(x+WI=]x+yl
CnenoBatenvho, (@ (x +9), (x+ V) =+ Yy, x-+y) u no Ju-
HEAHOCTH ¢ HMeeM:
(Px + @y, oX + @y) = (x +Y, x + ).
Orciona

((P)C, (pX) + 2 ((PX, (Py) + ((Py) (Py) = (X, )C) + 2 (x: Y) + ())) y) (4)

[lo YCJIOBHIO (‘Px, (P’C) = (xl X), (‘P}’, (PV) = ()’, y): 3HAu4HT, U3 (4) cie-
nyer (1).
Takum o6pa3om, MOKHO JaThb BTOpPOE ONpeliesieHHe OPTOrOHaJbHOro
npeoOpa3oBaHus, SKBHUBAJIEHTHOE ONpeleseHuo 34.
Onpenenenune 34’. OproroHaqpHbIM NpeoOpa3soBaHHEM @
eBKJIMAOBa NpocTpaHcTBa E, HasblBaeTcsl Takoe JnHeliHoe mpeobpaso-
BaHUe, KOTOPOe COXDaHseT CKaJsPHBIA KBajpaT KaXKAOro BeKTopa:

(®X, ¢x) = (X, x),

WJIH, IDYTHMH CJI0OBaMM, COXPaHfeT JVIHHY KaXXAOro BeKTopa u3 E,.
Tak kak

X,
cos(x, y) =9

fxl-1yl
K 4YUCJIUTEIb W 3HAMEHATE/b B 3TOM BbIpAXKE€HHH HE€ MEHAITCA MpH
OpPTOrOHaJbHOM ﬂpeOﬁpaSOBaHl/lH, TO OPTOroHaJsbHOE r[pe06paSOBaHHe
COXpaHAET YIJIbl MEXAY BEKTOpaMH.
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Teopema 28. 1) Ecau JnHeifiHOe mnpeo6pasoBaHHe ¢ eBKJIHIOBA
npocTpaHcTBa E, OPTOrOHA/JIbHO, TO 00pasbl BCeX BEKTOPOB OPTOHOP-
MHpPOBaHHOro 0asnca CaMH COCTaBJSIIOT OPTOHOPMHPOBaHHBIN Gasuc.

2) O6paTHo, ecju JHHeHHoe npeoOpa3oBaHHe ¢ €BKJAHZOBA MpO-
crpaHctBa E, mnepeBoguT xoTsl Obl OAMH OPTOHOPMHPOBaHHEIH Gasuc
CHOBa B OPTOHOPMHPOBaHHLIH 6asuc, TO 3TO NpeoOpa3’oBaHHE ¢ OPTO-
rOHaJIbHO.

HokasateabcTBo. 1) Ilo ycnoButo Ass BekTOopoB Gasuca
ey, €y, ..., €, HMeeM:

I, i=k

é., €,) = > 4

( v k) {0, [ =k
Tak kak npeoOpa3oBaHHE @ OPTOrOHANBHO, TO

—_ — 17 l=k:
(e, Pey) = (e, €p) = {0’ ik

T. €. BEKTOPHl @€y, Pey, ..., Pe, NMOMapHO OPTOrOHAJbHB U HOPMHPOBa-
Hbl. ByZyun HEHYJIeBLIMH M JIMHEHHO HE3aBHCHMBIMH, OHH COCTaBJISIOT
OpTOHOPMHPOBaHHBIl Gasuc mnpocrpancTBa E,, .

2) Hano, uro ey, ey, ..., €, U Qe;, @€y, ..., e, — OPTOHOPMHPO-
BaHHble 0asuChbl, NpHUYEM uepes @e;, Pey, ..., Pe, 0003HaueHbl 0Opasbl
BEKTOPOB €4, ..., €, ISl HEKOTOPOro JIHHeHHOro npeoGpa3oBaHHS @

eBKkJUZOBa npocrpaHctBa £, . Hanmo nokasarb, uro mpu 3THX ycijo0-
BUsIX NpeoOpa3oBaH#e @ OPTOrOHaJbHO.
ITycTs x — mpousBOJIbHBIA BeKTOp H3 E, H

x="Ce + 0+ ... +8,e,-
B cuny JauHefiHOCTH ¢ HMeeM:
Px = Lype; + Lope, + ... + L9,

Tak kak 6asuc ey, ey, ..., €, OPTOHOPMHPOBaH, TO MO Teopeme 25
(% A)=0+8+ ... +2.

Tak kak 6asuc @ey, gez, ..., Pe, IO YCJOBHIO TaKkKe ODPTOHOPMHPO-

BaH, TO

(px, o) =0+ 0+ ... +C2.

Mel mosnyuuau, yto Aas Joboro Bektopa x € E, (px, ox) = (x, X).
dro o3Hauaer, yTO NpeoOpa3oBaHHE @ OPTOrOHAJbHO.

Teopema 28 Moxer ObTb NMPHUHATA B KauecTBe HOBOI'O OMNpeeseHHst
OpTOroHaJbHOrO NpeoOpasoBaHusi Kak Npeofpa3oBaHusi, KOTOpPOE Nepe-
BOAUT OpPTOHOPMHMPOBAHHLI 0a3uc CHOBA B OPTOHOPMHPOBAHHEI.

Ha ueprexxe 6 nokasaHo opToroHajpHoe npeoOpa3oBaHHE IIpO-
crpaHcTBa V.

JleBbIfl yepTexK MOKa3bIBaeT, YTO NpeoOpa3oBaHHe @ eCcTb BpalleHHe
TUVIOCKOCTH Ha yroJi oo BOKPYT Touku O; NpaBblil YepTeX HJIIOCTPUPYET
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Yept. 6

Ipyro#t cayuvaii, KOoria @ ecTb BpaLleHHe Ha YroJ o C MNOCJAeLYIOMUM
OTpaKeHHeM.

Cmblc1 TeopeMbl 28 COCTOUT, CJel0BaTeNbHO, B TOM, UTO MOHSITHE
OpTOroHaJbHOro npeofpa3oBaHus mNpocTpaHcTBa E, ecTh o6oOieHne
Ha eBKJHJAOBO IIPOCTPaHCTBO E, BpalleHuss OOBIYHOIO NPOCTPaHCTBA
IpPU HENOJABIKHOM Hauase KOODAMHAT M/IM BpalleHUs, COeAUHEHHOrO
C OTpa)KeHHeM OTHOCHUTENbHO KaKOH-J100 MJIOCKOCTH, NpOoXoisiueli ue-
pe3 HauaJio KOOpAHHAT.

Cnenyoomas TeopeMa JaeT MaTPUYHOE OMNHCAHHE OPTOrOHAJIBLHOIO
npeoOpa3oBaHu.

Teopema 29. 1) Ecau suHefiHoe npeoOpa3oBaHue ¢ €BKJHAOBA
npoctpaHcTBa £, OpTOroHa/bHO, TO €ro MaTrpulia B JOOOM OPTOHOP-
MHpOBaHHOM 0a3uce OpTOroHasbHA.

2) O6patHo, eciu JuHeitHOe mpeoOpa3oBaHHe ¢ €BKJIHAOBa IPOCT-
paHctBa E, XoTs Obl B OXHOM OPTOHOPMHPOBaHHOM 0a3uce HMeeT op-
TOrOHAJIBHYIO MaTpHLy, TO 3TO NpeoOpa3oBaHHe ¢ OPTOrOHAMBHO.

HokasareabctBo. 1) [lycrs JauHefiHoe mnpeoOGpasoBaHue

(¢ OpTOrOHaJNbHO H €4, €5, ..., €, — OPTOHOPMHpPOBaHHLIA Oasuc E,.
[Tonoxum:

Pey = Gy + Gy + ... + Gpi€,,
Py = Quo€y + Gos€y + oo + Gnofy»

Pe, = 4,n84 -+ Q2182 + ...+ qnnln-

Torma marpuueit npeo6pasoBaHusl ¢ sBJSETCA

duu G2 +++ Gin
| T
in qnz A qnn .

Taxk Kak 1O YCJAOBHIO ¢ OPTOrOHA/JbHO, TO BEKTOphI-00passl e,
@ey, ..., g€, COCTaBJSIIOT OPTOHOPMHPOBAHHHIH Gasuc (Teopema 28).
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Takum ob6pasom, marpuua @ sBJsercs Marpuuedl nepexoja oOT

OZHOTO OPTOHOPMHDOBaHHOro Gasuca ey, ..., €, K APYyTOMYy ODPTOHOp-
MHpOBaHHOMY 06a3ucy ¢e;, ..., ge,. CorjacHo § 27 matpuua Q opTto-
roHaJIbHa.

2) Ilycts nnHefiHoe mnpeo6pa3oBaHHe ¢ B OPTOHOPMHDPOBAHHOM
6asuce {e} 3afiaHo opToroHasnpHoi Marpuueil Q. Tak kak mo ycJoBHIO
6a3uc {e} OPTOHOPMHPOBaAH, TO, IOJb3YsCh COOTHOLIEHUSIMH (5) M YyuH-
ThIBas OPTOFOHAJbHOCTb MAaTpPHUbl (, HAaXOAHUM, UTO

((Pei’ cpe,.) = q?{, + ‘72, + s + qu = l’
(pe; 9er) = 9uGup + Goifor + -+ + i =0, %k

CrnefoparenbHO, BEKTOPLI-06paskl @ey, @€y, ..., e, OPTOHOPMHPO-
BaHbl. OpTOroHa/NbHOCTb MpeoOpa3soBaHUsl @ CJelyeT TOrAa H3 BTOPOH
yacTH TeopeMbl 28.

M3 teopemnl 29 cjelyeT, uTO NPOU3BEJEHHE OPTOTOHAJNbHBLIX Mpeos-
pas3oBaHHH ecTb CHOBa OPTOrOHa/bHOe NpeoOpasoBaHHe. A Tak Kak
TOXJECTBEHHOe Ipeo6pa3oBaHHe OpTOrOHAMbHO ¥ INpeoOpa3oBaHHue,
obpaTHOe OpPTOrOHaNbHOMY, TOXE€ OpPTOrOHaJbHO (CM. mpumep 3, § 27),
TO OPTOrOHaJbHbe NMpeobpa3oBaHus ob6pasyior rpynny. OHa siBasercs
MOArPYMIION TpYNIbl BCeX HEBHIPOXKIEHHBIX IJIpeoOpa3oBaHHil MHpO-
crpaHcTBa E, .

§29. CUMMMETPUHYECKME MPEOBPA3OBAHUSA EBKJIMAOBA MPOCTPAHCTBA

Ml paccMoTpen opToroHasibHble Npeobpa3oBaHUsl eBKJIHAOBA MpO-
crpancrtea. Jlpyroft BaHBII KJjacc npeoOpa3soBaHUil eBKJIHAOBBLIX
IpoCTpaHCTB 00pa3syloT TaK HasblBaeMble CHMMeTpHuUecKue npeobpaso-
BaHUA.

Onpepnenenune 35 JluHeillHoe npeoGpa3oBaHue Y eBKJU-
JoBa npocTpaHcTBa E, HasblBaeTcst CHMMETDHUYECKHM, €CJIH AJs JIo-
ObIX JBYX BEKTOPOB X U y M3 E, HMEeT MeCTO paBeHCTBO CKaJsipPHBIX
NIpOU3BE/leHU

(x, v) = (x, Py). 1)

Crenymoliasi TeopeMa aHasJOrMyHa Teopeme 29, oHa JaeT MaTpHu-
HYI0 XapaKTEePHCTUKY CHMMeTpPHYecKHX NpeoOpa3oBaHui.

Teopema 30. 1) Ecau suHeliHoe npeoOpa3oBaHue 1 eBKJIHAOBA
npocTpaHcTBa E, SBJASETCS CUMMETPHYECKHM, TO €ro MaTpHuia B J060M
OpPTOHOPMHMPOBaHHOM 0asuce ecTb MaTpHLa CHMMETpHYecKas.

2) Ecaun suHefiHoe mnpeoOpa3oBaHue 1 eBKJHIOBAa IPOCTPaHCTBA
E, xorsi Obl B OHOM OPTOHOPMHPOBaHHOM 0a3ice HMeEeT CHMMETpHue-
CKYIO MaTpHLy, TO 3TO NpeoOpa3oBaHHEe CHMMETPHYECKOe.

HoxasateabcTBo. l)Ilycts ¢ ecTb cumMMerpHyeckoe mpe-
o6pa3oBaHue npocrpaHcrsa E, , ey, €, ..., €, — OPTOHOPMHUPOBAHHBIH

97



6asuc 3TOro NpoCTpaHCTBA H

aii aig CECEEY al”

Aoy Qg ... Qy,
A=

a,, Qu ... Qu,

ABJAETCA MaTpuued npeobpasoBaHus P, Tak 4TO

Yoy = ayyey + g8 + ... + ap8,,
Yey = Qyp€y + Agely 1= v+ Gpoeys

(2
Ve, = A1,y + Appy + .+ + Aol -

Tak kak mo ycJoBHIO {¢ }— OPTOHOPMHPOBaHHBI Gasuc, TO

(e, ep) = (ayey + agy + ... + Qpep + ...+ Qniy, &) =ay,

€n Pep) = (er Qupey + Ggpea+ - + Qe+ ... +Ane,) =y
Ho no onpenenenuto (ge;, e,) = (e;, Pe,), CIENOBATEJbHO, @ =
= q;;,, T. €. Marpuua A CUMMeTpuuecKas.

2) Tlycts suHefiHoe mnpeoOpa3oBaHHe Y B OPTOHOPMHPOBAHHOM
Gasuce {e} 3aaHO CHMMeTpHYecKOH MaTpuueit A, Tak 4TO HMEIOT Me-
CTO cooTHOweHus (2), rie a,;, = a;,. Hamgo nokasarb, uyto Ans Jio-
ObiIXx BeKTOpoB x, y, € E, Oygmer (Px, y) = (x, Py).

[TycTe x M y — npousBosbHbIE BEKTOpH U2 E, :

x="0e,+ 5o + ... +8,e,
Yy="ne + M+ ... +"Ny8,
Torza

Px = Copey + Lope, + ...+ Lpe, = (Lyayy + Loagp 4. .. +-Caay,)e+

+ (Ciaﬂ + §2(122 + . '+§n azn)ez+

+ (ciam + €2an2 + et + gn ann)en'

Yy = nope; + ey + ... A1, e, = (Myayy + Mgy + ... + M, a5,) e+

+ M@y -+ Moy + -+ + M, Gyp) €+

+ (niam + nzanz + e _l" Nn ann) n.

Orciopa, HCMoib3yst OPTOHOPMMPOBAHHOCTh 0Oasuca {e} W YyuHThiBas,
uTo a,; = a;,, nonyuyaeMm (Px, y) = (x, Vy).

Teopema 30 nosBosisieT IaThb HOBGE OIpelesieHHe CHMMETPHYECKOro
npeoGpasoBaHusl, 3KBHBaJEHTHOE OMNpefesieHHio 35: CHMMeTPHYECKHM
npeo6pa3oBaHHeM Ha3blBaeTCsl Takoe JiMHeliHoe mnpeoOpasoBaHMe, MaT-
pula KOTOporo xorst Obl B OAHOM OPTOHOPMHPOBaHHOM Gasuce sBJsIeTCH
CHMMETPHYECKOH,

Teopema 31. Cummerpuueckoe npeofpasoBaHHe €BKJIHJA0BA Mpo-
CTPaHCTBa MMeeT XOTf Obl OJHH COOCTBEHHBIH BEKTOP.
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B camom pgene, nycth P — cHUMMeTpHueckoe npeoOpa3oBaHHE Mpo-
crpaictBa E,. Toraa mo teopeme 30 B /11060M OPTOHOPMHPOBaHHOM
fa3uce OHO 3ajaeTcsi CUMMeTpHUecKOH marpuueil A H, c/efoBaTebHO,
no TeopeMe 22 Bce cOOCTBeHHble 3HaueHHsl npeoOpas3oBaHHs P Belle-
crBeHHbl. [1ycTb Ay — ONHO M3 cOOCTBEHHbIX 3HaueHHiI mpeoGpasoBa-
uus . Torma A (A) = |4 — ME| = 0, a notomy OAHOPOAHAsS CH-
cteMa ypaBHeHHH (A — A E)X = 6 uMeerT XoTsi OBl OJHO HEHYJIEBOE
pellieHre, KOTOpPOe W SIBJSIETCS KOOPAMHATHBEIM CTOJIONOM COGCTBEHHO-
ro BekTOpa mnpeo6GpasoBaHus .

Ils1 BelecTBEHHOH CHMMETpHUECKOH Marpulibl A, COOTBETCTBYIO-
el CHMMeTpHuecKoMy npeoOpasoBanuio P npocrpascrsa E,, ypas-
HeHne | A — AE| = 0 n-§i cTeneHH OTHOCHTENBHO A HUMeeT, KaK H3Be-
CTHO, TOJbKO BellleCTBeHHble KOpHH. Ecsn Obl BCe 3TH KODHH ObLIH
PasJIHuHBL, TO MO CBOHCTBY 2 coOcTBeHHbIX BekTOpoB (§ 18) mpeo6pa-
30BaHue P UMe0 Obl n COOCTBEHHBIX BEKTOPOB, COCTABJAIOLIIUX Ga3HC
npocrpaHctBa £, OfHakKo B ciyyae Ha/JM4Ms KPaTHBIX KOpHeH ypas-
Henuss | A — A E| = 0 Bompoc o uKc/e JHHEHHO He3aBHCHMBIX COO-
CTBEHHBIX BEKTOPOB NpeoOpa3oBaHus P TpeOyeT ChenuaJbHOrO pac-
CMOTpEHHS.

Teopema 32. 1) s n060ro CHUMMETPHYECKOTO NpeoGpa3oBaHuUs
"} eBKJIMAOBAa MpPOCTPAHCTBA E, MOXHO yKasaThb # COOCTBEHHBIX BeK-
TOPOB, COCTaBJSIONMX OPTOHOPMHPOBaHHBIE Ga3uc mpocrpaHcTBa E,.

2) O6patHo, ecau JHHeRHOe nmpeoOpa3oBaHHe P mpocTpaHcTBa E,
UMeeT n COOCTBEHHBIX BEKTOPOB, COCTABJISIIOIIHX OPTOHOPMHPOBAHHBIN
6a3uc npocrpancrtsa E,, TO npeoOpa3oBaHue P CHMMETPHUUECKOE.

HokaszarteabcTBo. 1) [IpuMeHUM HHAYKUHIO NO pasMep-
HocTH mpoctpaHcTBa E,. Ilpu n = | yTBepkIeHHe BEPHO B CHJY Teo-
pemb! 31. [IpenmosioxkuM, 4TO TeopeMa BepHa [/t NMPOCTpPaHCTBa pas-
MepHocTH n — 1.

Ilo Teopeme 31 cummerpuueckoe npeoOpas3oBaHHe Y MNPOCTPAHCTBA
E, umeeT xoTs Obl ONHH COOCTBEHHBIH BEKTOp, KOTOpHIi, He Tepsisi 00-
IHOCTH, MOKHO CUMTaTb HOpPMHpPOBaHHBIM. OOO3HAUHM €ro uepes e,.
CoBokynHocTb E,, _, BCeX BEKTOPOB NpoCTpaHCTBa E,, OpPTOrOHa/bHBLIX
BEKTOPY e,, eCTb INOANpPOCTPAHCTBO pasMepHocTH n — 1 (cMm. § 25).
[lycte x — npousBosbHBIL BeKTOp H3 E TaK 4TO

(x, e,)=0.
Torma B cusny cCHMMETPHUYHOCTH NpeoOpa3oBaHHs ) HMeeM:

(px, en)':(x’ wen) ==(X, }"nen)=7"n(x’ en)=}"n -0=0.
3uaunt, usx € E, _, cnenyer, uro Yx € E,_,, T. €. NOANPOCTPAHCTBO
E,_, UHBapHaHTHO OTHOCHTeJIbHO MNpeoOpasoBaHusi .

Ecaun nefictoBath mpeoGpasoBaHueM Y TOJBKO Ha BEKTOpHI u3 E, ,
TO TOJyYdM HOBOe npeoOpasoBaHue 1, onpefeseHHoe Ha E, _;. Oxo
JIMHEHHO, TaK Kak JHHeHHO mpeo6pa3oBaHue P Ha E,, H CUMMETpPHUY-

HO, TaK Kak paBeHCTBO (l) BbINMOJIHseTcs AJsi BCeX BEKTOpPOB u3 E,,
B TOM YHCJe U JJIs1 BEeKTOPOB, NpHHALJAEKAHX E

n—1

n— 1
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[lo MHAYKTHBHOMY INpPENNOJOXKEHHIO CHMMETpHUECKoe npeofpasoBa-
Hue P, npocrtpaHcTBa E,_ , uMeeT 1 — | COOCTBEHHBIX BEKTODOB €,
€9, .-+ €, —y, COCTABJSIOLINX OPTOHOPMHPOBAHHEIH 6a3uC NMPOCTPaHCTBA
E,_, Tak kak e, | E, _,, ToCOOCTBEHHBIC BEKTODHI €4, €3, ..., €, 4, €,
[ONAPHO OPTOrOHAJbLHBI U MOTOMY COCTABJISIIOT OPTOHOPMHPOBaHHbIN
6asuc npocrpaHcTBa E, .

2) Ilycte opToHOpMHpOBaHHBIE 0asuc npocTpaHctBa E;, cocrout
U3 COOCTBEHHEIX BEKTOPOB €y, €3, ..., €, Npeodpa3oBaHusa P, TaK yTO

Ye, = Mey,
Pe, = Mooy,

Ve, = 7;,, e;

e
Torna marpuna npeo6pasoBaHus P

Ay 0 ... 0
0 4y ...0
00 ...,/

n

OueBHJHO, cuMMeTpuuHa; mo Teopeme 30 (uacTh 2) npeoGpasoBaHue P
6ylleT CUMMETPHYECKHUM.

CanencrBue. Ilycte ¢ — nuHeliHoe mnpeo6pasoBaHue MpoO-
crpaictBa £, ¢ BemectBeHHOH cuMMmerpuueckoil marpuueli A. Toraa
KaXKJIOMY KODHIO A KPaTHOCTH /M XapaKTepUCTHYECKOIO MHOrOUJIeHa
npeoOpa3oBaHisd | COOTBETCTBYET POBHO m JIMHEHHO HE3aBUCHMBIX
COGCTBEHHBIX BEKTOPOB (T. €. pasMepHOCTb mpocrpaHcTBa R™ cober-
BEHHBIX BEKTOPOB, OTBEUYAIOIIHX 3HAUEHHIO A, paBHA m).

B camoMm gene, nyctb A4, Ag, ..., A, — MONApPHO pa3iHYHbIE KOPHH
XapaKTepUCTHUeCKOr0 MHOTOUJIeHa W 1y, My, ..., Hl, — COOTBETCTBEH-
HO KPaTHOCTH 3TUX KOpHeH, Tak uTo

my+m,+ ... +my=n

[To Teopeme 21
dim R™ < m, dimR™ <my, ..., dimR*) <m,  (3)
Kpome Toro, mo teopeme 32
dim R™ + dim R* 4+ ... + dimR(*) =n. @)

Ecan xorst OBl B OHOM M3 COOTHOIUEHMH (3) MMesa MeCTo 3HaK <,
TO0 6BLIO OBI:

dim R* + dimR™ + ... + dim RO <m, +m, + ... +m,=n,

: Ly
YTO MPOTHBOPEUMT COOTHOWeHHIO (4). 3Hauut, dim R" =m, u
TeopeMa JOKa3aHa.
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A0,

X

A6=96

& o MGG 4G

Yept. 7

[eomeTpuueckasi HJIIOCTPALMS COAEpKAHUS TeopeMbl 32 Jaercs
Ha uepTexe 7, rle paccMaTpHUBaeMoOe IPOCTPAHCTBO €CTb IPOCTPaH-
CcTBO V', BEKTOPOB IJIOCKOCTH, HCXOHSIIMX M3 HEKOTOpoH Touku O.
Tak xak dim V, = 2, To s06oe cuMMeTpHuecKoe npeoBpasoBaHHe P
npocrpalcTtBa V, no TeopeMe 32 nMeeT POBHO ABa B3aUMHO MepIEHAH-
KYJISIDHBIX HODMHDOBAHHBIX COOCTBEHHBIX BEKTOpa €5 H eg!

Pey = Mey,  Pey = Ayey.

CoOcTBeHHBIE 3HAUEHHS] Ay U Ay MOT'YT OBITh PaBHBIMH HJIH DasJUuHbL-

MH (MBI B3sIH Ay = 2 u A, = 3). Hafinem o6pa3 YPx HIpOH3BOJBLHOTO
Bektopa x € V,. Ilyctb

x="Ce;+ Lo =0, + 0,

rlie uepes @y U a, o003HAUeHbl COCTABJSIIOLINE BEKTOpa X 1O e; U eq.
Torzma

Px = Cpey + Lbey = LMy + Lohoey = Ay (§ie) + Mg (Cye) =
= May + A,

Takum oOpasom, mnepBas COCTaB/sIOULast BEKTOpa X YMHOMKaercs
Ha Ay, BTOPasl YMHOXX2eTCs Ha A, (JIeBbIH uepTex).

3HauuT, CUMMeTpHueckoe mnpeobpasoBaHHE CBOAUTCA K pacTsxke-
HHIO HJIH C2KATHIO IUIOCKOCTH B JBYX B3aMMHO NEPHEHAHUKYJAPHbIX Ha-
NpaBJleHHsIX e; U e, — B HaNpaB/eHUsX COOCTBeHHBIX BeKTOpoB. Col-
CTBEHHble 3HaUeHKsl Ay U Ay IPH STOM SBJSAIOTCS KO3(dHUIHEHTaMH COOT-
BETCTBYIOLIMX pacTsKeHUH (IpH OTPHLATENIBbHOM A pacTsAKeHHEe CO-
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TIPOBOXKJAETCsl ellle W3MEHEHHEM HalnpasJieHHsl Ha MPOTHBOIO/IOXKHOE).
KBaapaTtHas cerka nepeiifieT B NPsIMOYTOJIbHYIO CETKY (UEPTEX CIpaBa).

AnanornyHo cuMMeTpHueckoe mnpeoOpasoBaHHe MNpPOCTpaHCTBa Vg
CBOJIUTCS K PACTSIKEHHIO NPOCTPAHCTBA B TPeX B3aHMHO MepIeHIUKY-
JISPHBIX HAIpaBJEHUSAX €y, €y, €3 C BO3MOXKHBIM H3MEHEHHEM KaKHX-
au60 W3 3THX HamnpaBJeHHH Ha IPOTHUBONOJIOXKHLIE.

§ 30. MPEACTABNIEHKME HEBbLIPOXAEHHOIO JNMHEWHOIO MPEOBPA3OBAHMA
EBKJIMAOBA MPOCTPAHCTBA B BMAE MPOM3BELEHUS OPTOIOHAJILHOIO
MPEOGEPA3OBAHUA HA CHMMMETPUUYECKOE

B mpeppinymux naparpadax Obl1M NOAPOGHO paccMOTPEHH OpTO-
rOHaJbHEIE W CHMMETpHYecKue npeoOpa3oBaHHs €BKJHIOBA MPOCTPaH-
cTBa. VIHTepec, KOTOpBIH NpelcTaB/sieT H3yueHHEe 3THX NpeodpasoBa-
Huil, 06YC/IOBJIEH HE TOJBKO HX CaMOCTOSITEJILHOH IEHHOCTbIO, HO M
TOH BaXXKHOH pOJIbIO, KOTOPYIO OHHM HUTDPAlOT B HCCJENOBAHHH JIHHEH-
HBIX TpeoOpa3oBaHHi camMoro o6IIero BHAA.

BBeneM nonsitue npeo6pasoBaHHs ®%, CONPSIKEHHOrO JAHHOMY
JAHHEHHOMY mnpeo6pasoBaHMIO . MpocTpaHcTBa E ; no onpefesneHuio
eCJii B HEKOTOPOM OPTOHOPMHPOBaHHOM 6asuce {e} mpeoGpasoBaHue ®
3ajaHo Matpuuell A, To npeoOpa3oBaHue w* 3ajaercs BTOM ke fasuce
{e} TpaHcoHMpOBaHHOH MaTpuuell A’. YKasaHHas CBsi3b MeXLy Mat-
puuamu npeobpasoBaHUil ® M ®* COXPAHHUTCS U MOCJ]E MEPeXofia K HOo--
BOMY OPTOHOPMHpPOBaHHOMY 6asucy {e'}, Tak kKaxk Marpuua A mnepei-
Jer npu atoM B Matpuny QAQ =Q'AQ, a maTpuua A'— B Marpu-
ny Q71A'Q = QA'Q = (Q'AQ)’. (3mecr Q — Marpuuma nepexona
or 6asuca {e} K 6a3ncy {e'}, sABnsIOMWAsnACA, KaK H3BecTHO u3 § 27, op-
TOTOHaJIbHON MaTpuiel, Tak yro Q! = Q’))

[Iycts
wey = aye, + a8 + ... +aye,,
wey = aizei + azzez + o A e,
we, = amei + aznez + ceo a8,
"):ei =y T Ay + ... e,
07 = Ay + Uy + ... + Q58
07e, = Qpiey + Aoy + ...+ Qe
TaK 4To MaTpuiled npeo6pa3oBaHHUs ® SBJSAETCA
Ay Qyp - Gy
A Qg .- Oy,
A=
Qpy Qpy o ov Gy,

PaccmoTpuM Ba NpOM3BO/IbHEIX BEKTOpa X U Y U3 E,
Xx="Ce; +Ge+ ... +Che, Yy=me+ e+ . . F,e
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HeHOCpeILCTBeHHbI.e BBIUUCJ/IEHHU A (BbII'IOJIHeHPIe KOTOprX npez(.na-
raeM B KauecTBe YNpa)KHEHHsI) MOKa3bIBAaIOT, UTO Ajis MpeoOpa3oBaHui
OUuO* 6ylLeT HUMETb MECTO CJIEAYIOLIEEC PAaBEHCTBO CKaJIsIPHbIX l'IpOHSBe-
JeHui:

(@x, y) = (x,0%Y), )]
rfie x 1 y — NPOU3BOJIbHBIE BEKTOPHI M3 E, .

W3 Tteopembl 30 caefyer, 4YTO CHUMMeTpHYeckoe npeoOpa3oBaHHe
COBIIQJideT CO CBOMM COINpSIKEHHBIM (II0O3TOMY CHMMETPHUECKHe Mpe-
o6pa3oBaHHsl Ha3BIBAlOT CaMOCONpsiKeHHbIMH). M3 onpenenenus: 34 u
TeopeMbl 29 cJjenyer, uro npeo6pasoBaHHe ¢ OyIeT OPTOrOHaJbHLIM
TOrJa M TOJBKO TOrAa, Korja ero obpaTHoe mpeoOpasoBanue ¢! coOB-
najaer C CONPSKEHHBIM, T. €, KOrja @*p = & (JOKaKHTe 3TO B Ka-
YyecTBE YNpaxKHEHHS).

IlycTh ® — NpOU3BOJIBHOE HEBLIPOXKAEHHOE JIHHEHHOe mpeobpaso-
BaHHe npocrpaHctBa E,, A — Marpuua 3Toro npeo6pasoBaHUS B He-
KOTOpPOM OpPTOHOPMHpPOBaHHOM 6asuce {e}. PaccMoTpuM compsikeHHOe
npeoGpasoBanue w*., Ero marpuueli B ToM ke Ga3uce siBjsercs A’.
IIpeoGpasoBanuio P, = @*® COOTBETCTBYeT B TOM Ke Gasuce corJjac-
o § 15 marpuua A’A. Tak kak (A'A) = A’A” = A’A, to moay-
uaeM, uyTO InpeoOpasoBaHHe P, = O¥® FBISETCS CHMMETPHUYECKHM.
Ecin e, — HOpMHpOBaHHEBI COOCTBEHHBI BeKTOp MpeoOpa3oBaHHs P,
¢ COOCTBEHHBIM 3HAUEHHEM Ay, TO Poey = Agey U

(€0 Poeo) = (0 Moo) = Ay (€ &) = Ay
C zpyroft cTopoHHl, B cuay (1) umeem:
(€0 oeo) = (6 ©* (weg)) = (we,, weg) >0
MBI mosyumJid, uto Ay > 0, T. €. COOCTBEHHLIE 3HAYEHHSI CHMMET-
pHUecKoro npeo6pasoBaHusl P, = ®*® HEOTPHUUATEJbHbl (TaKHE CHM-

MeTpHuecKHe InpeoOpa3oBaHUsl Ha3bIBAIOTCA MOJIOKHTENBHO — Ompe-
Ienennoivu). [lo Teopeme 32 npeoﬁpasoBaHHe P, UMEeT n NONapHO

OPTOrOHAJIbHBIX COOCTBEHHBIX BEKTOPOB E e;, eey 6’" H B 6a3ﬂce
COCTaBJIEHHOM M3 3THX BEKTOPOB, €ro Mannueﬁ Oyner
A O L0
0 A ... 0
0 0 ...%,/,
rie Ay, ..., A, HeoTpHuUATeNbHBL. PaccMOTpuM Hapsiiy ¢ B BellecTBeH-
HYIO MaTpHULLy
vV, 0 e 0
c— 0 }/Ay--- 0
00 ..V /.

103



JluneitHoe npeo6pasoBanue ¢ ¢ Marpuueit C B Gasuce {e’} Gyzer
CHMMeTpUYEeCKHM, HpuueM P2 = 1,, TaK KaK B MaTpuuax C? = B.
3ameTuM, 4TO npeoOpasoBaHue P, = w¥® SIBJASETCS HEBLIPOXKJIEHHDIM,
Tak Kak |A'A| =|A'| - |A|, npuuem [A’|=]A| %0 BBHLy He-
BBIPOXKAEHHOCTH . M3 {? = 1, cenyeT HeBHIPOXKAEHHOCTh Hpeobpa-
30BaHus P W CyllecTBoBaHUe npeobpasoBaHus P!, o6paTHOro Aas .
Orciozna

0 =0t =0 () = (P ) p=0- . (@)

ITpeobpasoBanue ¢ = @yp~! opToroHasbHo. B camom Jene, (0,m4)* =
= 0,0}, Hu60 IJ COOTBETCTBYIOIIMX MAaTpHI, KaK MH3BECTHO,
(AA,)" = A A|. TlpeoGpasoBanue 1 CHMMETpPHYECKOE, a IOTOMY
(p~1)*= p~!. Torma opTOroHaJbHOCTb MNPeOOpa30BaHHS @ CJELYET
M3 TOro, 4YTO

= (@YY op~! = (g ooyt = plotep~t =yl = e

HonyquHoe npeacTaBjeHue (2) OKasbIBaeT CJEAYIOULYI0 Teopemy.

Teopema 33. Bcsikoe HEBHIPOXKIEHHOe JHHeHHOe Mpeo6pasoBaHue
npocrpaHctea E, MOXHO INpeACTaBUTb B BHJAE NPOHU3BEIEHHS OPTO-
FOHAJIbHOrO Npeo6pa3oBaHUsl HAa CHMMETPHUYECKOe.

Teopema 33 Ha s3bike MaTpHll (GOpPMYJHPYeTCs TaK: BCAKYIO He-
BLIDOXK/JIEHHYIO BEUIECTBEHHYI0 MaTpULy MOXHO INpeJCTaBHTb B BHJE
NPOM3BENECHUS] OPTOrOHAJBLHONH MAaTPHIbl HA CHMMETPHUYECKYIO.

Has npumepa paccMOTpUM MaTpHIy

(1)

[Tpeo6pasoBanue P, = 0*®w HMEET MaTpHILy

_aa_( 17T —I15
AO—AA—(_ls 17).

Tak kak |[Ag— AE| = (A—2) (A — 32), T0 Ay = 2, A, = 32.
[IpeoGpasoBanue ¢ HMeEeT MATPHILY
V2 o —2_l 0 0Tcma61=£( 0
( 0 V32 =V2 {0 4 8 8 \0 1)
[TpeoGpa3oBanue @ HMeer Manuuy
_a.cr vz (b =1
Q=4-C"=7 (l 1)_
Vickomoe mpelncraBisenue:
A=Q-C

Ynpamunenus
[7], Ne 1598—1600.
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§ 31. TEOPEMA O TPAHC®HOPMMPOBAHMM CHUMMETPUYECKOH MATPHLLbI
B OMATOHAJNIBHYKO MATPULLY C NMOMOLLLIO OPTOTOHAJIBHOM

Teopema 34. Haa BcAKoH BelIeCTBEHHOH CHUMMETpPHUECKO MaTpH-
ubl A MOXKHO HaliTH TaKylo OPTOrOHaJbHYIO MaTpHLy Q, YTO MaTpHIa
Q! AQ Oyzer nuaroHasbHOM.

Hpyrumu cioBaMu, JI0OYIO BELIECTBEHHYIO CHMMETPHUECKYIO Mar-
puiy A MOXKHO TpaHCHOPMHPOBATh B JAMArOHAJbHYIO C IMOMOIIBIO He-
KOTODOH OpTOroHaJbHOH MaTpHubl Q.

HokasateabcrtBo. [lycte A — cuMMerpuueckasi Bellle-
CTBeHHas MaTpuua nopsika n. [lo Teopeme 30 (uacTb 2) B HEKOTOPOM
OpPTOHODMHPOBAaHHOM 6asuce ey, ey, ..., €, IpocTpancTBa E, MaTpuua
A 3ajaer snuHeliHoe cuMMeTpuueckoe mnpeoGpasoBanue 1. [lo Teopeme
32 B mnpocTpaHcTBe E, CYLIECTBYET OpPTOHOPMHPOBaHHbIA 6asuc ey,
ey -++» €,, COCTABJEHHBIH K3 COOCTBEHHBIX BEKTOPOB MpeoOpasoBa-
HUa P, Tak 4TO

e = Me,,
Ye, = A,
e, = A€,
rie A; — BellecTBeHHBe uucia. B Gasuce {e’} mpeoGpasoBanue P
3ajaeTcsl AMaroHa/NbHON MaTpuueh
M 0 ...0
0 A ...0
B =
0 0 ...A

n/ .

CorqacHo Teopeme 12 (§ 14)
B = Q™'AQ

rie Q — MaTpula nepexoja OT OJHOrO OPTOHOPMHPOBAaHHOro Gasuca

{e} x npyromy {e'}, a noromy corJyiacHo § 27 oHa sIB/IsI€TCS OPTOrOHAMb-
Ho#i. Teopema [JokasaHna.

[Ipumep. JHana marpuua
1 1 1 1
1 I —1 —1
A=V1 1 1 -
I —1 —1 |
Ha#itu oproronanphyio Marpuuy Q, TpaHchopmupyiomyio A B
JIHAroHalbHYI0 MaTpHUILY.

Pemenue CobcTBeHHble 3HAaueHHs mnpeoOpasoBaHuss P, 3a-

o o o o
J@aHHOrO B HEKOTOPOM OPTOHOPMHpOBaHHOM Gasuce e, e;, e;, €,

JaHHOH cUMMeTpuuecKo# Marpuue# A, Obun HalifieHbl panee (B § 21):
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Ay = 2 xpaTHOCcTH 3 U Ay = — 2 xparHocTH 1. Tam xe Obliu HafiAeHb!
[ONapHO OPTOTOHAJbHBIE COOCTBEHHbIE BEKTOPbl CHMMETPHUYECKOro
npeobpasoBaHus P:

s A =2, e,=( 1, I, 0, 0),
e =( 0, 0, 1, =1
eg=( 1, —I, 1, 1),

1

s Ay, =—2, e, =(—1, I, 1, 1).

Hopwmupys 3T BeKTOpHI, NOJy4yaeM OPTOHOPMHPOBaHHbI 6a3uc mpo-
cTpaHcTBa T, W3 COOCTBEHHBIX BEKTOPOB MpeoOpasoBaHHus :

9 2 )
el’: (]/—2‘, ‘/—22—; 0: 0 )’

2
e2=(o, o Y% _V_ﬁ)
2 2 ’
83_( L M
2, 2 2 2 ’
e‘;:(__l, 111 )
2 2 2 2

Torna e, = 2e;, Ve, = 2e),, Ve, = 2e;, e, = — 2e;,
u, 3HauuT, B Gasuce {e'} suHeitHoe npeoGpasoBanue ¢ OylerT MMETbH
MaTPHILY

200 0
020 0
B=\o 0 2 o0
00 0 —2

Tax kak (1) ectb KOOpAMHATHAf 3aNMUCh BEKTOPOB e, e;, €, e, B
Gasuce e, €,, e, €, , T0O MaTpHuel nepexofia or Gasuca {e°} Kk OGasucy

{e’} saBasercs

Z o o0 5 =5 vz o 1o
o R Cuvroo -t
o Z 5 g lo vz 1o
o L2 S 3 0 —yz 1 1

Tlo teopeme 12 B = Q1AQ, nostomy marpuubl B U Q HCKOMbIe.
Ynpaomnenue

Pemunre 3afauy, aHa/JOrHUHYIO PacCMOTPEHHOH Bhlle, AJIs MATpHIL,
npuBefieHHbIX B KoHue § 21.



fnasa Iv

KBAAPATUYHDBIE POPMbI

§ 32. NOHATUE KBAAPATMUHOW DOPMbI

Onpenenenune 36. BemecrBenHolt xsadpamuunol gopmoii
OT 1 MEePEeMeHHBIX X, X3, ..., X, HA3bIBaeTCsi OJHOPOAHBIH MHOrOUJIEH
f (x4, X2, ..., X,) BTODOI CTENEHH C BeIUIECTBEHHBIMH KO3(DHIHEHTa-
MH*  OT TNEpeMeHHBIX Xj, Xg, ..., X, -

[Ipumep. [(ry, X5 x3) =2x2 + 3x2 + 4x2 — 2x%y +
+ 4x1x3 — 3x2x3 €CTb KBaJpaTHuHAas HOpMa OT NEPEMEHHBIX Xy, X3, Xg.

CorsiacHO onpeJesieHHI0 KaXAbli 4jleH KBaJpaTHYHOH (OpPMBI CO-
JepXKHT HJIM KBajApaT OJHOTO M3 INePeMEeHHBIX Xy, X3, ..., X ,, HJIH TPO-
u3BeJeHre IBYX Pa3HbIX MepPEMEHHHIX.

Hns xBajpaTHyHBIX (OPM HCHOJNB3YETCsl CIEelHadbHas 3allHCh.
[Tycts B kBajparuuHolt dopme f = f (x4, Xg, ..., X,) Y2Ke BBINOJHEHO
npuseienre NofoOHsIX unenoB. Toria kosdouument mpu x? oBosHa-
YaloT yepes3 a;, a Ko3hPULHEHT npu Xx;, THe [ 5= j, — uepes Qaij 3¢
MUIIYT

2aijxixj = QXX+ QXX
TaK uTo
;= (1

C yueroM 3TOro corsiaileHusi KBaJpaTHuHasi Gopma 3amuiilercsi B

ofmieM BHAE CJEAYIOmUM 00pa3oMm:

[y Xo vvvy X)) = auX? 4 apXiXy + oo Fa, X0, +
A+ Aou XXy - Qg X3 + oo A Gy XX, + @
- - 2
+ anlxn xl + an2xn )LZ + A + a/mxn .

OueBHAHO, UTO BCSiKasi KBaJpaTHyHas ¢opMa OT 7 NepeMeHHbIX Mo-
KeT ObITb eMHCTBEHHbIM 00pa3oM NpHBeleHa K TakoMy BuAy. Kaan-
paTuyHo# ¢opme, 3anucaHHOH B Buie (2), COOTBETCTBYET MaTpHIa

Qy Q... Q,

Qy Qoy «.. Qg
A=

a a . a

nn/ ,

* HekoTopbie BBIBOABI 3TOH IM1aBhl GYAYT CIpaBeiJIMBbI U AJIS KBaJpaTHUHEIX (GopM
¢ Ko3{puLHEeHTAMH M3 APYrHX uucaoBbix mosed. OfHako Mbl GyIeM paccMaTpHBaTh
TOJIbKO BeLIECTBEHHbIe KBaJpaTHYHbE (OPMBbI.
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KOTOpasi HasblBaercst mampuyeil keadpamuuroii gopmoer [ (xg, Xz, ...
., x,). CoraacHo ycsoBuio (1) MaTpuna kBapaTuuHOU GopMbl f ecTh Mart-
puna cumMerpuueckasi, Tak uto A’ = A. OQueBHIHO, UTO KaXKIOH CHM-
MeTpHuecKofl Marpuue A n-ro mopsiika COOTBETCTBYET BIIOJIHE ONpefe-
JIEHHas KBajpaTHuHas ¢opma f OT n NepeMeHHbIX.

[Ipumep. Has kBagpaTHuHOH QOpPMEI

f(xy, X x5) = 2x} + 3x5 + 4x3 — 2X4 Xy + 4x4X5 — 3X,X5
sanuch (2) OyleT UMeTb BHL:
fxy, X5 x3) = 2F — XXy + 2X3%5 — Xoxy - 3x5— % XoXg + 2X5%, —

3 .
— 5 Xa¥y + 4x%

Matpuueii JaHHOH KBaApaTH4HOH (OPMbl ABJISIETCH

9 —1 2
3
— 3 3
A= L 2
9 3 4
2

Paur matpuunsl A KBajpaTHuHOH (OpMbl f HasbIBaeTcss paHeom caMol
xeadpamuuroil gopmer f. Ecau paur A = n, To mMaTtpuua A HEBHIPOK-
JeHHasi; KBaZpaTHuyHas ¢opMa C TaKOH MaTpuiell Ha3blBaeTcs TaKKe
HegbLPOsCOeHHOU.

[losb3ysick MpaBHJ/IOM yYMHOXKEHHSI MaTpHUIl, KBaJpaTHUHYIO GOpMY
(2) MOXHO 3amucaTh B MaTPHUYHOM BHJE:

[ =Xy (@yxy 4+ QX + o+ Qua Xn ) + %o (AoyXy + ApoXy +
F o F Aon Xn ) F oo F X0 (@Quxy - QuoXo oo+ Qun Xn ) =
AuX + aipXy + oo + Q4 X,

= (Xb xZ, we s Xn ) (121)61 + a22x2 "l‘ aee + azn x” =

PR

AniXy + AnoXy + oo + QunX,

45 - Qyn Xy
I | T N E | T
An1Qn2 .. Ann Xn
Urak, f=XAX, 3)
rae /Xy
X' = (Xy, Xgp s Xn )y X =1 X2
Xn /.
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Ynpamuenus

3anucats B ¢Gopme (2) ¥ HafTH MaTPULB KBaApaTHUYHBIX GOpM
Ne 1180—1186 u3s [7].

§ 33. MPEOGPA3OBAHME MATPMLLbI KBAJLPATUHYHOW DOPMbI
NMPU NIMHEWHOW 3AMEHE NEPEMEHHbIX. KAHOHMUYECKMWA BU]
KBAAPATUYHOW hOPMbI

[Tycte B npocrpanctBe E, 3ajaHo suHeliHoe npeoGpasoBaHue @,
MaTpHLia KOTOPOro B HEKOTOpOM (GHKCHPOBaHHOM 0as3uce eCTb

du G2+ Gin
Q= d21 a2+ Gon
dn1 Gne - Gnn
[Ton nefictBHeM npeoGpa3oBaHHs @ Ka)KAbll BEKTOP 4 C KOOpAMHA-
TaMd Yy, Vs, ..., Y, B AaHHOM 0asuce mepexoiuT B LPYLOH BEKTOD X C
KOOpAHHATAMH Xy, X3, ..., X, [IpH 3TOM coriacHo § 12 nmeem:

Xy =quy1 + quoYo + -+ + G1p Yn,
Xo = @11 + GagYs + - + Qo Yo 1)

Xn = qn1 Y1 + n2y2 + o _|_ qrmyu:

WJIM, B MaTPUUHOH 3amuCH,

X =qY,
rie X U Y — MaTpHIBI-CTOJNOLbL
X Y4
X Yo
X = Y =
Xn , Yn

Mmes B Buny dopmyant (1), rosopsT, uto npeobpasoBaHue @ OCy-
LIeCTB/ISCT JHHEfiHoe NpeoOpa3oBaHue NEepeMeHHbIX ¢ MaTpuuei Q
(nepemeHHbIE Xy, Xg, ..., X, IpeoOpasyloTcss B NEPEMEHHBIE Y4, Vs, ...
. Y, 10 dopmyaam (1)).

ITycts f (x4, X, ..., x,) — KBaAparuunas ¢opma. Ecau B BbIpaxe-
HUM I [ 3aMEHUTb NepeMeHHble X4, Xg, ..., X, HX BbIPAKEHHSMH Ue-
pes ¥y, Y2, ..., ¥, 1o opmynam (1), To nosyyHuM HEKOTOPYIO KBajpa-

THUHYO dopmy f (Y4, Yo, ..., ¥,). DBBIACHMM, KaK CBSI3aHbl MaTPHIbI
~

KBaJpaTH4HbIX GopM f u f, Apyrumu cioBami, Kak U3MeHsETCH MaTpH-
Ila KBaJpaTHYHON (JOPMBI f, €C/IH NepeMeHHble Xy, X3, ..., X, NMOABED-
raioTcs JuHeHHOMYy npeo6pasoBanuio (1).
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Teopema 35. Eciu B kBaipaTHuHoit ¢opme [ ¢ matpuueii A
BBIMIOJTHEHO JIMHEiHOe NpeoOpa3oBaHHE MNepeMeHHBIXx ¢ Marpuue# @,

TO mosiyueHHas KBajpartuuHasi gopma f GyneT umerh Matpuuy Q'AQ,
rie Matpuna Q' mosyvaercsi TpaHCoHHpoBaHHeM Q.
HokxasaTteabcTtBo. [lycrs

f=XAX u X = QY.
Torna
F=@AQY)=YQAQ =Y (QAQY =Y'BY,
rle MaTpHIa
B =QAQ
CHMMETpHYeCKasi, TaK Kak
BI j— (QIAQ)I — QIAIQ// — QIAQ — B‘
Utak, B HOBBEIX NEpPEMEHHBIX Vi, Vs, ..., Y, NMOJYUHJH KBaAPAaTHUHYIO
Gopmy
T=vBY
¢ Mmarpuueit B = Q'AQ.
I[Ipumep. Ksagparnunas cdopma

F Xy Xg, X3) = 2x7 + BxE + 43 — 2x,%, + 4X,05 — 3,
HMeeT MaTpHILY

9 —1 2
A=|_1 3_3
2
9 3 4
2

BuinonnuM npeoGpasoBaHue mNepeMeHHBIX

Xy = Y1+ Yo — Y3,
Xo = 2y, + 2y,,
Xq = 10y,
MaTpHLEN KOTOpPOro siBJsIE€TCs
11 —9
Q= ( 0 2 2>
\0 0 10

Torna HoBasi kBajpaTuuHasi ¢opma OyZeT HMeTb MaTpHLY

2 0 0
B=QAQ=|0 10 0
0 0 190/.
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Takum o6pasoM, B pe3ysabTaTe 3aMeHbl NEPEMEHHBLIX MoJyYaeM
KBaJpaTUYHYIO (PopMy

T 04 Vo 9 = Y'BY =2 97 + 10y2 - 190y2 .

Ecau 11 mepeMeHHBIX Xy, ..., X
npeo6pa3oBaHue, HaNpuUMep,

X, = 2 + 22, 4+ 22,,

Xy = 4z, 4 2z,,

. BBINOJIHUTb JpYyroe JHHeHHOe

Xy = 6z,
TO TONYYHUM KBaApaTHUHYIO (opmy

22? + 4022 + 1682§ -+ 282z -+ 162,2,

Teopema 36. Paur kBaapaTtuuHOH GOpMBI He MEHSIETCSl B pe3yJb-
TaTe BLIMOJHEHUS HEBBIPOXKAEHHOrO JIHHEHHOro npeo6pa3oBaHus mnepe-
MEHHBIX.

HoxasarteabctBo. CormacHo Teopeme 35
B =Q AQ,
rie A — marpuua JaHHON KBaapaTuyHoH ¢opmel f,  — MaTpuua Ju-
HelfHOro npeoOpa3oBaHHsi MNepeMeHHbIX, B — MaTpuua MHoJy4eHHOH

kBagpatuyHoit ¢opmel f. Ilo ycnoBHio MaTpuua Q HeBHIPOXKIEHHAS.
Kak u3BecTHO, B pe3yJ/ibTaTe YMHOXEHHsI MpPOHU3BOJIbHOM MaTpuibl A
CIpaBa WJM CJeBa Ha HEBLIPOXKAEHHVYIO MaTpuLy Q MOJyyaercst MaTpHu-
1a, paHr Kotopoil paBeH paHry Martpuubsl A. Otciofa nosyuaem, 4TO

paHr B = pair A wumu paHr f = paHr ~f
Onpenenenue 37. Kagparuynas ¢dopma BHAA

by: + byy: 4 b,

He cojepiKaliasi UYJEHOB C IPOW3BENEHUSIMH pPa3JMUHBIX TepeMeHHBIX
(T. e. uMelomasl AMAaroHaNbHYIO MaTpHUly), HA3bIBAETCS K8a0pamuyHoL
gopmoll KarHoHu4vecko20 (WM JAHArOHAJNbLHOTO) euda.

Teopema 37. Umucjo OTIHYHBIX OT HYJs KO3(bhHIHEHTOB B KaHO-
HHUECKOM BHJE

by + by 4 e+ bu Y

KBaJIpaTHYHOH (GOpMB! f pPaBHO ee paHry.

B camom nene, nmycte KBajparHuHass ¢opma [ OT n NepeMeHHbIX
X1, X2, ..., X, C MaTpuueli A HEBBIDOXKIEHHBIM JIMHEHAHBIM NpeoOpa3oBa-
HHEM YXKe MNpuBelleHa K KaHOHMYeCKOMY BHIY

biyf + bz)’z + . + bnyz )
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rae yq, ¥z, ..., Y, — HOBble TepeMennble. Marpuueli B KBaJApaTHUHOH
(popMBI KAHOHHYECKOTO BHJa SIBJISETCS

b, 0 ..0

0 b,..0
B={ ... .

0 0 ..b, ]

ITo Teopeme 36 paur f = paur A = paur B. A Tak Kak Marpuua B
JMaroHasibHa, TO €€ paHI PaBeH UHCJY ee OTJIHUHbIX OT HYJisl AHAroHaJlb-
HBIX 3JieMeHTOB. Teopema JoOKa3aHa.

Eciu panr B = r u OTJMYHBIE OT HYJS r 3JIEMEHTOB MatTpuubl B
OKaXX yTCsl NepBbIMHM, TO KAHOHHUYECKHH BHJA KBaJApaTHUYHOH QopMbl f
OyldeT TakuM:

by} + by, + .+ b

§ 34. OPTOTOHAJIbLHOE NMPEOBPA3OBAHME KBAOAPATUYHOM OPMbI
K KAHOHMYECKOMY BMAY

CymecTByeT JOBOJIbHO NMPOcTOit MeTon (MeToh Jlarpam:ka) npuBefe-
HMSl KBaJApaTHYHOH (OPMBI K KaHOHHYECKOMY BHAY. DTOT METOA, Of-
HaKoO, BO MHOTHX 3aJlayaX He JaeT HYXKHOro pesyJbrata. Hampumep,
B 3a/lauax aHaJUTHYeCKOll IeOMETPHH yacTo TpebyeTcsi NMpUBECTH 06-
lee YpaBHEHHE KPUBOH HJIM MOBEPXHOCTH BTOPOro MOpPSifiKa K KaHOHH-
4YecKOMY BHAY, NpHUYeM TaKoe NpuBeleHHe TpedyeTcs OCYLIECTBHUTbL C
MOMOIIBIO  BeCbMa  CIIELMAJbHOrO  NpeoOpa3oBaHHA  MePEMEHHBIX
(a uMeHHO OpTOroHaJbHOro); Metof Jlarpamxa He Bcerfa ofecrneuuBaeT
3TO ycsoBHe. B cBsI3M ¢ 3THM MBI yKaxeM crnocod, OCHOBAHHBIH Ha OThI-
CKaHUM COOCTBEHHBIX 3HAUEHHH MaTpPHLBl KBaJpaTHUHOH (OPMBI.

Teopema 38. Besikasi kBafpatuunasi ¢gopma ¢ maTpuuelr A Moxer
ObITh NpHUBEJEHA K KAaHOHHYECKOMY BHAY

S o VR B B Y

NpH MOMOIIM Npeo6pasoBaHHsI MNEPEMEHHbIX C OPTOT'OHAJbHOH MaTpH-
uefi. [lpu arom xKo3ppuUHMeHTB Ay, Ag, ..., A, KaHOHMYECKOIO BHJA
SIBJISIIOTCSl KOPHSIMH XapaKTEPHCTHUECKOrO MHOroujeHa Matpuusl A,
KaXJbIH M3 KOTOPHIX B3fIT CTOJbKO pa3, KakoBa €ro KpaTHOCTb.

HokasaTteuabcTBo. [lycTh JaHa BellecTBeHHAasi KBaJpaTHu-
Has ¢dopma f ¢ matpuueii A. ITo Teopeme 35 kBaapaTuyHas ¢opma noc-
Jie BBIIIOJIHEHHS JIHHEHHOro NpeoOpa3oBaHHUs MEpPeMEeHHbIX C MaTpHuel
Q OyZer uMeTb MaTpHILy

QAQ.
Orciofia cieflyer, uTo 3ajiaua NpUBENEHHs KBaJApaTHuHOH (OpPMBI K Ka-

HOHMYECKOMY BHJY PaBHOCHJIbHA 3ajlaue MpPHBEJCHHS CHMMETPHUECKOM
MaTpullpl A K AHaroHaJbHOMY BHAY MyTeM YMHOXEHHS ee CJeBa U Crpa-
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Ba COOTBETCTBEHHO HAa B3aUMHO TPAaHCIIOHHPOBAHHbIE MAaTpPHILI
Q' u Q.

Bocnosb3yeMcst Teopemoit 34, yTBepakAalolied, 4TO AJs  BCSKOH
CHMMETPHYECKOH MaTpHIbl A CYLIeCTBYeT OpPTOroHasibHas Marpuua Q,
Takasi, YyTo Marpuua

B ==Q1AQ

AuaroHajbHa. Jlerko BHIETb, UTO MaTpuila  pellaeT MOCTaBJEHHYIO
3ajauy, TaK KaK BCJELCTBHE €€ OPTOrOHajJbHOCTH uMmeeM Q~! = Q' u
TIOTOMY

B =QAQ.

3aMeTHM TOMYyTHO, YTO (KaK BHAHO M3 JOKAa3aTejbCTBa TeOpeMbl 34)
JuaroHajibHble 3J1€MEeHTbl MaTpHubl B CYThb KOPHH XapaKkTepHCTHYec-
KOTO MHOrowjeHa MaTpuubl A, KaxAblfi H3 KOTOPLIX B3ST CTOJBLKO pas,
KaKoOBa €ro KpaTHOCTb. TeopeMa Joka3saHa.

Kanonnuecku#t BUA ¢GopMbl f MOXKHO HaHTH, TakKuM 00pa3oM, U He
HaxoAs CaMOr0 OpTOrOHaJbHOTO IIpeoOpa3oBaHUsl [E€pPEeMEeHHBIX, a
3Has JHULIb COOCTBEHHble 3HAYEHUS Ay, Ay, ..., A,, ONpelensieMble MaT-
puueit A.

ITo mNosIoXKeHHe MOATBEPKAAET BaXKHOCTb MOHATHS COGCTBEHHOro
3HAYyeHuUs.

[Tpuwmep. Halitu KaHOHHUECKHH BUA, K KOTOPOMY IDHUBOJHUTCA
KBaZpaTHuHas dopma

f=3x2 4+ 3x2 4 dxyx, + 4x,x5 — 2X,%,

MIOCPEACTBOM OPTOTOHAJbHOTO NpeoOpa3oBaHHsl, HE HAXOAs Camoro
3TOr0 Npeo6pa3oBaHHs.

Pemenue HaxomuM KOpHM XapakTepHCTHYECKOrO MHOrouJje-
Ha Marpuubl A JaHHOH QopMEL:

o 2 2 —r 2 2
A=(2 3 —1] AM=| 2 3—% —1 |=
2 —1 3/, 2 —1 3—M
= —(—42(+2),
AM=4, A=4, A=—2

HNckoMbll KaHOHHYECKHH BHA:
2 2 2
4y, + 4y, — 295
Ynpasmrnenus

(7], Ne 1244—1246.
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§ 35. HAXOXXOEHUE OPTOrOHAJIbHOIO MPEOBPA3OBAHMUSY,
NPUBOAALIErO BEWECTBEHHYIO KBAAPATUYHYIO hOPMY
K KAHOHMYECKOMY BMAY

Hcxons us nokasaresbcTBa TeopeMbl 38, MOXHO yKas3aThb MpaKTHUe-
CKYIO CXeMy JAJii OThICKAaHHsI OPTOrOHAJIbHOrO MNpeoOpa3oBaHHs Iepe-
MEHHBIX, B pe3yJjbTaTe KOTOPOro KBajJpaTHYHasi ¢opMa NpHHHUMAET
KaHOHMYECKHH BMJ, HJH, YTO TO 2Ke, ee MaTpPHLA 3aMeHseTcs Ha JHa-
FOHaJILHYIO.

I-it war. Jna KaHHO# KBaApaTH4YHOH (OPMBI CTPOUM ee CHMMeET-
puueckyio marpuny A.

2-ft wrar. CocraB/jsieM XapaKTepUCTHUecKHH MHorownren A (A) =
= |A — AE| u Haxoaum ero kopHu. (B cuay Teopembl 22 Bce n KOp-
Hell 3TOr0 MHOrOYJ/IeHa BeUIeCTBEHHBI, HO He 00513aTebHO DPa3/IHYHBL.)
O603HauuM KOPHH XapaKTEpHCTHUECKOr0 MHOrouseHa uepe3 Ay, A, ..
veny Ay
3-ft war. 3Has KOPDHH XapaKTEPHCTHUECKOro MHorousneHa A(A),
MOXKHO HamucaTb KaHOHHUYECKHH BMA AaHHOH KBaJpaTHYHOH (POpMBI:

F=hy? + 73} + o A0

4-f mmar. Jlas KaxAOro KOpHS A; KpaTHOCTH m; COCTaBJsAEM
OJHODOJAHYIO CHCTEMY JIMHEHHBIX YpaBHEHHH:

@y —M) G+ apl + .. + 0,8 =0,

Ay &g+ (@ — M) & oo +02n 8 =0,

)
Qni €1+ Qng €2 + .. + (@ — }“i) . =0,

e a; — 31eMeHThl MaTpHubl A.

o-# war. Jlns Kaxmoro A, KpaTHOCTH rm; HaXOLMM KaKyiO-HH-
Oylb OIHY ODPTOHODMHDOBAHHYIO CHCTEMY M3 17; BEKTOPOB, SIBJISIO-
muxcs peuleHusiMH cucreMe! (1). Uuneke [ wmensietcs ot 1 mo k, rae
k ecTb 4MCNO pA3/IMYHBIX KOPHEH XapaKTepHCTHYECKOTO MHOrouseHa

A(7). CorsnacHo TeopeMe 32 MOJNYYMM 7 [OMAPHO OPTOrOHAJBHBIX
HOPMHDOBAHHBIX BEKTODOB:

e; = (qﬂ’ qu’ eee qnl)’

€, = (Chz’ a2y «+ » qnz)’

® e o & ¢ 2 e & o o

e:l = (qlﬂ’ q2ll’ e qnn)'

(TTopsimox cnenoBanus BEKTOPOB ey’, €', ..., €,  COOTBETCTBYET IO-
pPAAKY A, B KAHOHUYECKOM BHJE.)
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6-f i ar. COCTaBJIﬂeM MaTpHLy Q crosifiaMi KOTOPOIi fBJSAIOTCSA

KOOpAUHATHI BEKTOPOB e4’, €', ..., e.:
11 Gz Gan
0 21 Ga2 - qan

qnl qn2 oo qnn .

7-4 wrar. 3anuchiBaeM HCKOMOE OPTOroHaJjbHOe Mpeofpa3oBa-
HHE MepeMeHHBIX:

Xy =quY1 + q12Y2 + - + 4 Yn,
Xy = Go1Y1 + Gao¥o + o + @Y,

q/uyi + q/12y2 + qnnyn,

T. €. Xy R yi
Xa 0 Yo
xn \yn °
8-t urar. Ecnu TpebyeTcss BHIpa3uTh HOBLIE NIEPEMEHHEBIE Yy, Vs, ...
s Y yepes CTapbie X4, Xg, ..., xn’ TO, YuHUTbIBad, 4yTOo Q—l — Q /,
noJjryyaeM:
Y4 Xy
Yo X
== Ql .
yll xn

3aMeuyaHue B ciyuae npaBHJILHOCTH MONYYEHHOTO Pe3Y.Jib-
Tata JAO/KHO ObTb B = Q'AQ, rie B — auaroHajbHass Marpuua,
orBeuarolias ¢opme f. OTMETHM ellle, YTO B CBSI3H C HEOJHO3HAYHOCTBIO
OTHICKaHHs1 (YHIAMEHTAJbHOH CHCTEMbl pEIIeHHH OJHOPOJAHOH JiH-

HeHHOH cucTeMbl (5-H 1Iar) opToroHasnbHOe Npeo0pasoBaHHE NEPEMeH-
HbIX OyJeT HaXOMHTbCS TaKXKe HEOAHO3HAYHO.

I[Tpumep. Haiitu oproroHanbHoe mnpeoGpa3oBaHHe, IPHBOALA-

ee KBaJpaTHUHYIO ¢opMmy
f=28x2— 7x2 4 8x5 + 8xyx, — 2x,X5 + 8xpXy

K KaHOHHYECKOMY BHAY.

Pemenue.

I-fh war, 8 4 —1

A= 4 —7 4
—1 4 8/.
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2-fi mar.

8 —A 4 — 1

AN =| 4 —T7—A 4 = —=A—=92M\+9).
—1 4 8 —A
M=9 m=2 A=-—9 my=1

3-# mar.
~ - 2
F =9y + 952 —9;.

4-i wmar. Cucrema () aia A, = 9:
—§1+4C2—§3 =0,
4¢, —16C,+4C,=0,
—§1+4§2—§3 =0.

CucreMa (1) ana hy = — 9
17§1+4C2_ §3=0,
40,420+ 45,=0,
— L+ 4G+ 17g =0,

5-f mar. Oas Ay = 9 cucrema (1) cBOAMTCS K ypaBHEHHIO
_C1+4C2"§3=0'

Orcropa e; = (— 1, 0, 1). dnsa orvickanus e; = (84, Ta, §3) NoOaB-
JsieM ycJoBHe e, L ey, T. e. {(es, e;) = 0. B urore nosyuaem cucremy:

_‘§1+4§2—'€3=0’ }

—§1 "‘Cs =0.
Orcrona e, = (2, 1, 2).
HOas Ay = — 9 Haxomum ez = (1, —4, 1).

HopMmupys cucreMy BeKTOPOB ey, €3, €3, MOTYUHM:

el = (—‘ E, 0, K2:)r

4 2 1 2
e? = (_y ) _)1
3 3 3

- (VT 2V I/Q_)
e, ={— —  — .

[\
[\

6 3 6
6-it mrar.
_yz 2 Ve
2 3 6
3 3
v 2 VT
2 3 6
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7-B urar.

/g 2 3
x1=“——] yi"‘—yz‘l‘l/i)’s’
2 3 6
1 2V 2
x2= —y2 V }’3, ¢
3 3
2 2 2
X3 = V—y1+3y2’|‘ —‘V Vs

YnpaxmxHeRrus

[7] , Ne 1248—1262;
[10], Ne 951.

§ 36. METOJ, JIATPAHXXA TMPMBEQEHMS KBALAPATMYHOM OPMbI
K KAHOHMYECKOMY BUAY

DJieMeHTapHBIM CIIOCOOOM NpHUBENEHHST KBaApaTH4YHOH (OPMB K
KaHOHHMUYECKOMY BHIY siBjsieTcss MeTof Jlarpanxka. PaccMoTpum ero
CHavyasa Ha NpHMepax.

[Tpumepsn. 1. IlpuBecTH X KaHOHHUECKOMY BHIY KBaJpaTHd-
Hy©o Qopmy
f=2x2 + 3x2 4 4x2 — 2x,00, + x5 — 3XXs.
Pewenue OO6benunsss B OLHYy CPYINYy BCe UJEHbI, COAepxKa-
IHe X;, U JOMOJIHASA CyMMy 2x2 — 2x,xo + 4x1x3 JO NONHOTO KBaj-
para, nosyuaem:

1 2
f= 2(,\:,—3 x2—|-x3) —%x§—2x§ + 3x% 4 4x2 — Bxoxy +

+ 2x%= 2y} + 3/0 + 2x5 — Xy %s,
Hanee ofbeiuHsieM B OAHY CPYMNIy BCE UIEHBI, COAEPIKAIIUE Xo!

5 2
f—2y| + = (XQ—%xzxa)’l“ 2x3 "2)’] +“‘(x2—'l— xs) +

2 5
Y 1 2 9 5 9 19 2 19 »
+2x3_16x3=2y1 +E)’2’|‘10 3 2)’1+ yg—l_ )’3,
rae
1
)’1=x1“§x2+ xa’]
1
Yy = xz_gxsvi
V3= X3
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Orciona

1 9
Xy =W +E)’2—ﬁ))’3»
1
Xy = )’2+'5-y3’
X3 = Vs

MozHo Gbuto Obl moTpefoBaTh, YTOOBI HUCKOMasi KaHOHHUecKas dopma
Obl1a ¢ uenbiMu Koadduuuenramu. Torza

[= 2(x,— %xz + x3)2—|— lO(%xﬁ L x2x3) + 2x; =

\ 10
— 2 IL _.1_ \? [ 2—-——l- 2 =
=2y + 10(2 X — x3) + 20— X
19 »
=2y + 10y§—1—0x3=
= 297 410y, + 190y2,
1 y
rue V=X ——= X+ X3
R IR T
Yo = 5 xz_‘mxsy Xy = 2y, 4 2y,
. _l_x I Xy = lOys
V3= 0 3»’

2. TlpuBecT K KaHOHHYECKOMY BHAY KBaJpaTHUHYIO (opmy
9 . .
[ =2x, + X1%5 + XX3 — 2X55 + 2X,X,.

Otsinuye 5TOro MpHUMEpa OT MEepPBOrO COCTOUT B TOM, YTO 3JeCh
KOI(DOHUMEHT @y; NMPH x3 DaBeH HYJO, OAHAKO a, = 2 % 0. Jror
clyyall MOXKHO CBECTH K CJYy4aio, pacCMOTPEHHOMY B mpumepe 1, us-
MEHHB HYMEpaLHMIO MepeMeHHBIX CJelyouuM ofpasoM: X, MeHseM
Ha y;, X; — Ha y,, OCTaJbHble HOMepa Ge3 H3MEeHEHHs, T. €. Xy H X3
MeHsieM Ha Y, H Y3 B urore Mbl mpumeHHsM JHHeHHOe mpeoOpasoBa-
HHe:

Xy = Vi,
Xo = Yo
Xy = Vs
Xy =Y
H NoJyudau ¢opmy:
e 2
[r=2y; + Y2 + YaVu — 2953 + 291Y2
Hasnbile moctymaem Tak ke, Kak B npumepe l.
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3. TlpuBecTH K KaHOHHUYECKOMY BHJY KBaJpaTHUHYIO GopMmy
[ = x5 + X3X3 + XoXs

SToT mpUMep OTJHYaeTcs OT [MepBHIX JABYX TeM, UYTO 31eCh BCe
CHauaja JejlaeM BCIIOMOraTesibHOe IpeoOpa3oBaHHe MepeMeHHBIX
LJsi TOro, uToOBl MOJYYHTh KBalpaT KaKoro-HUOYAb NepeMeHHOro ¢
HeHy/eBbIM KoabduiuentoM. Y Hac ayp 7= 0. Torza Bece x;, Kpome x,
MEHsIeM Ha Y, M Iosiaraem:

a;;

X1 =Y
Xy = Y1+ ¥
X3 = Vs

[Monyuaem:

’f:“ Y1+ YD) + VY5 + 1+ 92) ¥; = y? + Vi¥Vs + 2915 + Vo

Hanee moctynaem Tak »xe, Kak B Ipumepe 1.

Paccmorpum meton Jlarpanxka B ofiieM BHIE.

Teopema 39 (Jlarpanxka). Beskasi kBajgparuuHasi ¢opMa npu mno-
MOILK HEBBLIPOXKJEHHOTO JIMHEHHOro npeoOpa3oBaHus MEpEeMEHHBIX MO-
JKeT OBITh NpUBEJEHAa K KAHOHHUECKOMY BHAY.

HJokxasateabcTBo. CHauasa mokKaxem, uTo ecad opma
f (x4, Xs, ..., X,) TOXKJECTBEHHO He paBHa HYJIO, TO C IIOMOLIbIO HEBbI-
POXJEHHOro JIMHeHHOro mpeo6pas3oBaHusi X = QY nepeMeHHbIX MOX-
HO clieJlaTh Tak, uToObl mosyuyeHHasi gopMa HMesa KO3(hdHLUHEHT IpH
y? (Npu NepBoii mepeMeHHOi), OTIMYHBIH OT HYJIA.

[Tycts f — ucxonnasi kBaipaTuuHas dopma:
.2 - .
[ =aux] +apcx, + ..+ a,xx, +

. 2 .
F oy Xp Xy + Qg Xy oo T @,y XX, +

)

L T S S S N . .

+ QX X1 + QpoXn X2 + ot annxr2z :

I-f cnmyuai: ayy 7 0. Cama naHHas ¢opma obsafaeT HYXKHBIM
cBofictBoM. Hukaxkoro npeo6pasoBaHus JesnaTh He HYXHO. MoxHO,
pasBe, clesaTb TOXIECTBeHHOe INpeoOpasoBaHue X = EY.

2-% cayuait: ayy = 0, HO Kakoi-1M60 W3 AHArOHAJbHBIX KO-
spduumentoB a; 5= 0, { > 2. Toraa HyxHoe npeo6pasoBaHHe CBOAUTCS
JUIIb K H3MEHGHHIO HYMepalMH NeDeMEHHBIX: X; 3aMEeHHM Ha Y, X
3aMEeHHM Ha y;, a ocTaJbHble X, (kR 5= i, k = 1) 3aMeHseM Ha y,:

X1= Yp ,
X =Y ) 2)
xk= yk(k%l:k#n
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Bmectro x? Oymem umerb y?, TOuHee, BMeCTO a;x? Oymer a;y? —
W 1leJb JDOCTUTCHYTAa: MOJYYH/IM YCJOBHS IIepBOro ciayuasi. Beimosnen-
HOe TpeoOpasoBaHie HEBLIPOKAEHHOE, TaK KaK JJIs Hero Jerko CTpo-
uTcs ofpaTHoe: paBeHCTBa (2) ONHO3HAYHO pa3peliMMbl OTHOCHTENb-
HO yij Vo, ..oy vno.

3-f caywuaf: Bce JuaroHajbHble KO3((HLHMEHTH PaBHH HYJIO,
T. €.

a“ = azz = e &= a,m = O.

Tark kak ¢opma HeHyJeBasi, TO HaiJercss KO3(PGhHUUHEHT, OTJIHUHBIH
or unyas. Ilycts a;; %= 0, rme i <= j. BpimosnuM Kakoe-HuOyIb He-
ocobenHOe MpeoOpas3oBaHue, MOpOXKJalollee KBaApaT ONHOH MNepeMeH-
HOi ¢ HeHyJeBbIM Ko3dduuuentoM. [Tonoxum, Hampumep,

X;i =9+ )
Xp = Yp, €CIH k],

T. €. X; 3aMEHsieM Ha y; + y;, a Bce OCTalbHble X, (R 7= j) 3ameHseMm
Ha y,. D10 npeoOpa3oBaHHe HEBLIPOXKIEHHOE, TaK KaK OOpaTHBIM /s
Hero OyZer mnpeoOpasoBaHue:

Yp =X, TpH k%],

Torna
f=w+20xx;+ .. = . + 20,9, +Y) + . = . + 20 ijy? +
+ 2a;y,y; + -

Cnaraemoe 2a;;y? eIMHCTBEHHOE C y?, a MOTOMY OHO He YyHHY-
TOXHUTCS B pe3y/ibTaTe NpPUBEIEHHs MOJOGHLIX UJeHOB. B urtore Mml
NPHIUIH K YCJOBHIO BTOPOrO CJyuasi, KOTOPbIH CBOAHTCS K IEPBOMY.

Takum obpasom, Ge3 HapylIeHHs OOLIHOCTH MOXHO MoJaraTh Aa-
Jee, uto a4y 7= 0. Bropasi yacTb JoKa3aTenbCTBA TeopeMhbl Jlarpan-
’Ka BBIMOJIHAETCS MHAYKLUHEN MO YHUC/IYy MepeMeHHbIX.

Ona n =1 yrBepxKIeHUe TeopeMbl TPHUBHAJBHO: BCsKas KBal-
paTuuHas jopmMa OT OJHOH INepeMeHHOH HMeeT BHJ ax?.

JonycTum, uTo TeopeMa BepHa B cayuae n — | mepemenHblx. Ilo-
Ka)keM, YTO TeopeMa BepHa M IJifl KBaJpaTHUYHBIX (OPM OT £ IepeMeH-
HBIX.

B kBazpatuunoil ¢opme (1) BbIEJSUM uJeHbl, COZepKallye X;:

f= a“xf + 2a,0%, %5 + oo + 2a10%,%, + 8 (Xs, oy Xy ),

rie g (xz, ..., X,) — KBaapaTHyHas ¢opMa OT 1 — | mepeMeHHBIX X, ...
vy X,. DopMmy f 3anuumeM Tenepb Tak, uTOOH! BblAEJEHHbIE YJIEHHI,
colepiKaliye x;, BOULIH B KBaJpaT JHHEHHOro BhlpaxeHus (asq 7= 0):

f=all[x(f +2“\'1<Z_12 X2+ + a_u’l xn >] +g(x2’ vxn)=
11

11

a a 2
= ay, (x, 4+ 22 x, .+ 2, ) + 81 (Xgy vy Xn s
an ay
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rae gy (xq, ..., X,) — dopMa OT # — | NepeMeHHBIX X,, ...
ChenaeMm ciefylomylo 3aMeHy NepeMeHHbIX:
— ot An
yi—x‘+—x2+...+ - )Cn,
4 an
yl = x,-, 4 > 2

OueBufiHo, mnpeoOpa3oBaHHe (2) HEBLIPOKAEHHOE: ONpeleNUTelb
ero Matpuubl paBeH 1 M3 (2) HaxoAuM BblpakeHHs CTapblX NepeMeH-
HbIX uepe3 HOBbIE:

n*

)]

—y Y2y . __ Gn
—yl a y2 i ym } (3)

1 ay
X =Yp i>2

B pesysabrate npeobpaszoBaHusi (3) — 0603HAYUM €ro MaTpHILy uepes
M — dopma [ npurHMaeT BHA:

’7 = au)’f + 81 (YVas e s Y )

K ¢opme g; mpumMeHUMO WHIAYKTHBHOe JONylLleHHe: ¢opMa gy He-
BEHIDOKIEHHEIM JIHHEHHBIM IpeoOpa3oBaHuEM

Vo = by25 + .. + bznzm

y - bn222+ + bnn n
TNIPEBOAUTCA K KAaHOHHUYECKOMY BHAY

~ 2
g4 =092 + ..+ 0a,z22.

n

Ecnu B ¢opme f mocsie nmpeoGpasoBanusi (3) BETOJHUTL NpeoOpasoBaHue

=2,
Vo= bap2zp+ oo + 0yn2p
“)
Vo= bnzzz + oo+ buny
¢ martpuuedt B, To ¢opma f npuHumaer TpebyeMblii BHA:
a,zf -+ azzz + .. Foa, 2,21 .

PesysbTupyloiiee JipHeliHOe [peo6pa3oBaHHe — [IPOU3BENEHHE TMpe-
obpasoBanuil (3) u (4) — HEBBIPOXKJAEHHO, TaK KaK OIPeAeJHUTeNb ero
marpuusl M - B He paBeH HYy.JIIO.

HoxkasatenbcTBo TeopeMbl JlarpaH:xka 3akoHueHo. OHO JaeT mpuem
(akTH4YeCKOro MpuBeJeHUus KBaApaTUYHOH (POpMbl K KaHOHHYEOKOMY
BUAY, YTO WJJIIOCTPUPYETCA INPHUBEAECHHLIMU BhILIE NPUMEpPaMH.

Ynpaswunenus

(7], Ne 1187—1189;
(10], Ne 939.
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§ 37. 3AKOH MHEPLMM KBAOPATHMYHBIX ¢OPM

[1pumensis npeoGpa3oBaHUs MNepEMEHHBIX
1

xizti—;tz—‘ua, Xy = U — Uy — 2u3’
1 Xo=Uy 4 Uy — Uy
x2=f1+—fz—2t3, 1
2 x3= —u3
2
Xg= ts,

IS KBagpaTHUuHOH (hopMbl
[ (xy, Xy X3) = X42y + 2215 + 4Xpx,,
[ONyYUM ABa KaHOHHMYECKHX BHAa:

2 1 o 2
4 —7t2—8t3 u uf—ug——.?ug.
Taxum o6pa3oM, KaHOHHUECKUH BUJA AAHHOH KBaApaTHyHOH (hopMbl
He OfHO3HaueH. Mbl moJiyumsiy IBa paslUYHBIX KAHOHMYECKUX BHJA,
HO MOXHO 3aMETHTb, YTO B KaxXJOM H3 HHUX OJAMH IOJOXUTeNbHBbI
K03pdHULHEHT W ABa oTpuuaTeJbHbIX. OKa3blBaeTCs, YTO MMEET MeCTO
oflee MOJIOXKEHUE: YHUCAO NOJOXKHUTENbHBIX M UYHCJIO OTPHUATENbHBIX
K03(hdHIHeHTOB KaHOHUYECKOTO BHAA LAHHOM BelleCTBEHHOH KBajpa-
THYHOH (opMbl OyJET OJHO M TO e HEe3aBHCHMO OT Npeo6pasoBaHHA
[lepeMeHHbIX, NMPUBOMASIIEro K KaHOHHUeCKoMy BUAY. B 3TomM M cocTouT
BaKOH UHePYUU BEU4ECTIBEHHbIX KBAOPAMUUHBLX (HOPM.
[IpexBaputenbHo clefaeM 3aMeuaHue. BBINOJHUB MOAXOAsLIee He-
BBIPOXKJEHHOEe JHHeHHoe npeoOpa3oBaHHe MEepPeMEHHbIX, MOMKHO COr-
JlacHo Teopeme JlarpaHxka KaxIylo BeIIEeCTBEHHYIO KBaJpaTHUYHYIO
(opMy MIpPHUBECTH K KAHOHHYECKOMY BHLY

T =0y +ay’ + .. +ay?, (1)

rie Bce KO3(pUIMEHTEl BEIeCTBEHHB! U OTJIMYHBI OT HyJs. YHCI0 3THX
KO3(ppUIIHEHTOB COIVIaCHO Teopeme 37 paBHO pAaHry KBaJpaTHYHOH
dopmbt f. Tlocie Hanmexamero JuHeHHOro npeo6pasoBaHus, COCTOS-
Iero B M3MEHEHHH HyMepaluH MepeMeHHbIX, KaHoHHYeckuit BuA (1)
MOXHO 3amucaTh TakK:

~ 2 ,
f = aiy? + azyg + . akyh —ak+1yi+1 T ke T a,)’f ’ (1 )

rlie BCE YHCHA Qg «ov, QUpy Cppqy «ovr O, NOMOXKUTENbHE B 0 << R < 1.
IlpumenuB k ¢opme (1°) HeBbIpOXKJAEHHOE JHHeliHOe npeoOpasoBaHue

1 1 1
W=—"2, Vo= —— %y Y= " 2w
Ve Va, Vo

A @)

Vis1 = %510 Y =2,

122



C BelIeCTBEHHBIMM KO3(HUIIHEHTaMH, NOAYYUM ¢GOpMYy:

2444 t—2 ——2, ®3)
KOTOpasi HasblBaeTCl HOPMaJbHBIM BHAOM KBaJpaTHuHOH Gopmbl f.
[punuMasi BO BHUMaHHe TeopeMy JlarpaH:a, Mbl IOMYUHJIH YTBEPXKIE-
HHE: BCSIKasi BelleCTBeHHasi KBajpaTH4yHass (opMa HeBBIPOKAEHHBIM
JUHEHHbIM TpeoOpa3soBaHHeM MepeMeHHBIX C BelleCTBEHHBIMH KO03-
(uIMeHTaMH NPHUBOAMTCS K HOpMaibHOMY BHAY (3) ¢ KosduunerTamu
+ 1 u — 1 npu KBajpaTax NEepeMeHHbIX.

Teopema 40. (3akoH uHepuyHu.) UHCIO MONOMHTENbHBIX H YHCIO
OTpULIATENIbHBIX KBaJpaTOB B KaHOHHMYECKOM BHJE, K KOTOPOMY INpH-
BOJMTCS JaHHas BellecTBeHHas KBaApaTHuyHash ¢opMma HeBLIPOMKJIEH-
HbIM JIMHEHHBIM npeoOpa3oBaHHeM NepeMeHHbIX C BelleCTBEHHBIMH KO-
s(p¢uuMeHTaMy, He 3aBHCHT OT Bbifopa 3Toro npeo6pas3oBaHHs.

JokasaTedabcTBO. Tak Kak npu nepexofe oT ¢opmbl (1)
K ¢opme (3) YHCJIO MOJNOKHUTEJbHBIX (2 TaKKe U OTPHLATeNbHbIX) KBaA-
paToB HE MeHsieTCs, TO IpPH JOKa3aTeJbCTBE TEOPeMbl MOXKHO OrpPaHHU-
YHTBLCA JIMIIL HOPMalbHBIM BHJIOM (GopMbl (BMecTO JtoGOro KaHOHHYE-
CKOT0).

[TycTh BelllecTBeHHast KBajpaTuuHasi ¢opma f paHra r OT n nepe-
MEHHBIX Xj, Xg, ..., X, ABYMSI HEBBIPOXKJEHHBIMH JIHMHEHHBIMU Npeobpa-
30BaHMSIMM [EPEMEHHBIX INpHBeJeHa K HOpPMalbHOMY BHAY:

)vf—}—...+yi-—-y§+l—...— =242+ +2— l+1"'”
R — 4

r

B cuny HeBBIPOXAEHHOCTH NpeoOpa3oBaHUil HOBBHlE NepeMeHHble GYAyT
JIMHEHHO BBIpaxaTbCsl yepe3 CTapble ¢ OTIMYHBIMH OT HYJSI ONpelesHt-
TeJISIMU:

V1= byxy + . 4 by Xy

yk = bkixi + oo + bknxn» (5)

)’ = blll + +bnnxn:

2y =CyXy e Xy
Zl-H = Cl+n1xi + + Cl-!—l,nxn’ (6)
2, =CyuXy + o Cppx, ]

Honyctum, uto k<< I. Mcxons us nepBbiX k ypaBHeHu# B (5) u
NocJiefHuX n — | ypaBHeHu#t B (6), cOCTaBUM CJELYIOULYIO CHCTEMY
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JIMHEHHBIX ONHOPOIHBIX YpaBHEHHH OTHOCHTENBHO Xji, X5, ..., X, C Be-
U1eCTBEHHBIMU KO3(huLiHeHTaMu:

l?“xi + .ee + blnx}l = 0,

bk1x1 + .o + bknxn - (7)
Crept¥s + v +C4 100X, =0,

CuXy + ot Cppx, =0.
Cucrema (7) cocTouT U3 k -+ n — [ ypaBHeHHU{, a TaK KaK IO JOMY-
menuto k<< !, To R+ n—1I0<n, T. e. B cucteme (7) uyucio ypas-

HeHHH MeHbIUe yHcia HeusBecTHbIX. CnelloBaTeslbHO, OJHOPOAHAS CH-
creMa (7) uMeeT BelleCTBEHHOE HEHYJIeBOe pelieHue:

* * *
Xy Xysems Xyo

[loacraBuB uucna xj, ..., x, B paBeHctBa (5) u (6), momyuum cooT-
BETCTBYIOIlHE 3HaUeHHS] HOBBIX IEpeMEHHBIX:

* * * * *
V=Yy=w=Y,=0, Y e, V3
* * * *

)
2, 29,0,2, 2 =w=2,=0.

Jns 5THX 3HaueHHi HOBBIX IIepEeMEHHBIX W3 paBeHCTBa (4) mosyuaem:

*2 t2 ‘2 *2
Ve — % =2+ + 2 (8)
B cuny BEILIECTBEHHOCTH BXOAAIIMX CIOAA CJIaraeMblX TNOJNYyaeM, uTO
Zj=..=2=0, a TaKk KaK Zz+1 = ..=2 =0, To umeeMm:
Habop xj, x2, .eey X, SBISIETCS HEHYJIEBbHIM pEIUEHHEM OXHOPOA-

HOH CHCTEMBl 7 YpaBHEHHH C 7 HEH3BECTHLIMH:

CpXy 4 oo €%, =0,

CryXy + voo + Cppx, = 0.

CnenosaTenbHO, ONMpENEIUTENb 3TOH CHCTEMBbI, a 3HAYMT, H Mpeod-
pasoBaHus (6), paBeH HYJIO, YTO NPOTHBOPEUHUT HEBLIPOKIECHHOCTH
aToro npeo6pasoBaHus.

AnaynorinynelM 00pa3oM NOJNY4YHM IIPOTHBOpeYHe, MAOMYCTHB, YTO
k> [l. Otciofa BbiBoA: k = [, Teopema Jl0Ka3aHa.

3aKOH WHEpLMH HaeT OCHOBaHWE MPUHATH CJeLyIolee

Onpenenenne 38 Hucno k. NOJOXKUTENBHBIX U YHCJIO @
OTPHLATENbHBIX KO3(D(HIMEHTOB B KaHOHMYECKOM BHJE BellleCTBEHHOH
KBaJpaTHYHOH (opMbl [ HasbIBaeTcsi COOTBETCTBEHHO MOJOXHTENbHBIM
U OTPHLATENIbHBIM UHOeKCOM UHepyuu; pasHoCTb § = Rk — ¢ Hasbl-
BaeTCsl cueHamypoti LAHHOH KBaJpaTUYHOH (OPMEL.
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VHaeKkchl MHEpUUH k£ U ¢, paHr r U CHTHaTypa S JaHHOH KBaJpaTHy-
HOH (opMbl CBsi3aHBl MexAy coOofi crefyioliuM oOpasoM:

kR+qg=r, k=%(r+s),
1
k—qg=s, q=-§-(r—s),

MO3TOMY # W S OJHO3HAYHO OMpEeAeJsIoT & U ¢ 1 Hao6opor.

3aKOH MHEpLMH COCTOMT B TOM, YTO MHIEKChl HHEPLUMH U CHCHATypa
JIAaHHOH BeIIeCTBEHHOH KBaJpaTU4YHOH (OpPMbl MHBApHAHTHBl OTHOCH-
Te/IbHO HEBLIPOXKAEHHBIX JIHHEHHBIX NpeoOpa3oBaHUH NepeMeHHbIX.

§ 38. SKBUBANEHTHOCTb BELWECTBEHHbIX KBAOPATUYHbLIX OPM

Onpenenenue 39. [IBe BelllecTBeHHble KBaJpaTHuHLIE (Op-
Mbl [ U g HA3BIBAIOTCS IKGUBAAEHIMHBIMU, €CIH OLHA U3 HUX MepeBOJUTCS
B Jpyrylo MOCPEICTBOM HEBHIPOXKJIEHHOIO JIMHEHHOro npeoGpasoBa-
HHs TIEPEMEHHBIX C BelleCTBeHHBIMH KoadduuueHTamu.

DT0 OTHOILEHHe KBaJpaTHYHBIX (OpPM JAeHCTBHTENbHO SABJSeTCH
OTHOIIEHHEM 3KBHBaJIEHTHOCTH, NOCKOJBKY OHO oOnajaeT HeoOGXOAH-
MbHIMH JUIsi 3TOrO CBOHCTBAMH pe(JIeKCHUBHOCTH, CHMMETDHYHOCTH H
TpansutuBHOCTH. OTCiOfa ciefyeT pa3CHeHHe MHOXKeCTBa BceX KBal-
paTHUHBIX (OPM Ha KJacChl 5KBHBaJEHTHHIX.

Kaxnasi kBaapatuuHas ¢opMa [ skBuBaneHTHa ¢opme f, nmpeacras-

Jsiollell KaHOHUYECKUH BHI HUCXOJHOH (opMbl: nepexol OT f K f Bbl-
TNOJIHSETCS HEeBLIPOXKJEHHBIM JIMHEHHBIM MpeoOpa3oBaHUeEM.
KBazpartuunsle (GopMel

2 2
[=x —Xox3 U § = 2425+ 2

5KBHBAJIEHTHBI, TaK KaK ¢opma f nmepexofut B GopMy g, €ciy MOoJN0KHTh

I

X4 23

&
I

25
X3 = -— Zi.

[TpeoGpasoBaHue mepeMeHHBbIX, YCTaHABAHMBAIOLUlee SKBHBAJEHTHOCTDb
dopM f U g, MBI yCMOTpeJIM celiuac HeloCpeACTBeHHO. B apyrux ciayua-
IX 9TO MOXKeT 0Ka3aTbCs 3aTPYAHHUTEJNbHBIM. 3a/lauy YCTaHOBJIEHUS 3K-
BHBaJIeHTHOCTH JABYX BelLIEeCTBEHHBIX KBaJpaTHUHBIX (OPM MOXKHO pe-
LIMTh HAa OCHOBE 3aKOHAa HHEpIUH.

Teopema 41. [Ipe BelllecTBeHHbIE KBaApaTH4HbIe (GOPMBI OT 1 Mepe-
MEHHBIX 3KBHBaJIEHTHbl TOTA2 M TOJbKO TOrAa, KOrjAa 3TH (GOpMbl HMe-
IOT OfIMHAKOBbLIE PAHTH M OJAMHAKOBble CUIHATYpHI, T. €. Korja Ipu IpH-
BeJIeHHH HUX K KaHOHHWUYECKOMY BHAY MOJYHalTCs KaHOHHUYECKHE POPMBI
C OAMHAKOBBIM YHCJIOM KBaJpaToB C IIOJIOXKHTEJNbHBIMH, OTpHLATEb-
HBIMH M HYJIeBbIMH KO3(p(dHUHEHTaMH.

HJokasarteabcTBo. [lycth KBajpatuuHnle ¢opmbl f u g
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3KBHUBAJIEHTHBI, TaK uTo (opma [ mepeBoauTtcsi B GOPMY g HEBBLIPOK-
JIeHHbIM JIMHeHHbIM Npeofpa3oBaHueM C BelleCTBEHHbIMH Ko3hduiiueH-
tamu. [Ipy 3TOM, Kak H3BeCTHO, paHr (OpPMbl He U3MEHSeTCs, TaK UTO
ry = r,. Ilo 3aKoHy HHepUMH MMeeM DaBEHCTBA HHIEKCOB: k, = R,
g = Gg, @ TMOITOMY JJISI CHUTHATYD §; = §,.

O6parHo, nycTb r; =r, U S, = s,. TaK Kak

=1 =L =
=S tshg=— (r—5s)

T0 R, = Rk, ¥ g, = g, T. & UACJIO MOJOXKUTEJIbHBIX, OTPULATENbHBIX
U HyJeBbIX KO3((HUIMEHTOB HOPMAaNbHOro BHAA GOPMBI [ PaBHO YHCITY
COOTBETCTBYIOIIHX KO03(ppUIHEeHTOB HOpMajJbHOro BHAa (OpPMBI g.
3Hauut, 00e  (GOpMbI NMPUBOASATCA K OJHOMY H TOMY K€ HOpMaJbHOMY
BHAY U NO3TOMY MOTyT ObITh NepeBeleHbl APYr B Apyra.

ITpuwmep. BbsicHHTb, Kakue u3 BellecTBeHHBLIX GopM fy, f,, f;
SKBHBAJNEHTHE MeXay coloft, ecin

fi= x4 4x2 4 X2 + 4xyx, — 2x,%;5,
fa = ¥ + 295 — V3 + 49132 — 201Y; — 495,
fs=—428 — 22 — 22 — 42,2, + 422, + 182,2,.
Pemewnue. IlpuBomaum Kaxayio ¢dopMy K KaHOHHYECKOMY BHAY.
CoOTBETCTBEHHO noJjiyyaem:
To=0 44 — a4,

~

2 2 2
f2=ul—2u2—2u3,

To = 160> — 42 — 162,

TaK 4YTO n=3 k=249¢9=1s5=1,
rp=3 k=1 ¢=2 s5,=—1,
ry=3k=1¢,=2 s3=—1.

CorsacHo Teopeme 41 cdopmbl f, u f; SKBUBANTEHTHH MeXAy COOOH
U He 5KBHBaJeHTHHI (opMe fi.

Ynpamrnenus
[7], Ne 1190—1192.

§ 39. MPUBEREHME OBLLEFrO YPABHEHMA MOBEPXHOCTHU
BTOPOIO MOPAQKA K KAHOHMYECKOMY BUAY

Ofmee ypaBHeHHEe ITOBEPXHOCTH BTOPOrO MOPSIAKA UMEET BHI:
auxf + 2a45%1X, + 2045X1X5 + 2a55%5%; + azzx§ + asaxg + bixy + bpxy +
+ bgx; +c=0. (1)
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CyMmMma nepBbIX INECTH (CTapLIHX) YIEHOB JIeBOH YacTH YpaBHEHHS
(1) maet KBaZpaTHuyHYIO (GopMy C AeHCTBHTEJbHBIMH KO3(hHUUEHTaAMH:

F= aux? + 2aux,0% + 20555, %5+ 2550555 + Appxs + agp%s . (la)

C mnoMolbio HEKOTOPOro OpTOrOHaJLHOTO NpeoOpa3oBaHHs mepe-
meHHblXx X = QY ¢opMmy f npuBeleM K KaHOHHYECKOMY BHAY:

MY+ Myl + Ayl (16)

H ypaBHEHHUE NOBEPXHOCTH B pE3YyJbTATE 3TOrO npeoépasosaﬂpm npu-
MET BHA:

My; + Ay, + Ay + 2009, + 26y, + 26595 + ¢ = 0. (2)

Ecnu Ay, Ay, A He paBHBI HYJIIO (PaHT 7 KBaJApaTHUHOH (OpMB! pa-
Bed 3), To ypaBHeHue (2) npeobpasyercsi K BHAY:

ay? & \? G\ o —
Mt R (e 2 M (2 =0 @)
. i_4_ 4
C=Cc— T T

B pesynbTare uMeeM ypaBHEHHE LEHTPalbHOH MOBEPXHOCTH
2 2 2
Mx, +Agx, +Agxy +¢'=0 (4)
nojiyyeHHoe M3 (2) napaJieJbHbIM TEpPEHOCOM Ocefl KOOpAHHAT:
. P .
X, =y,+ =, =123
A
[To ypaBHenuto (4) nerko onpenessieTcss THII NOBEPXHOCTH.

Ecau Ay5=0, Ay5£=0, A; =0 (r =2), To u3 ypaBHeHHs (2) B
pesy/nbTaTe MNapaijelbHOTO IepeHoca IoJyuaeM ypaBHEHHe HeleHT-
panbHOH MOBEPXHOCTH:

2 2
My, + A, = 2myu,, )]

Ecnu Ay 520, A, = A3 = 0, T0 B ypaBHeHuHu (2) oObeAUHHM ujie-

HBI
2
My, U 2c0yy, 2¢3y; v ¢

H IocJie TNapajjiebHOro IepeHoca NOMydYHM ypaBHEHHe BHAA:
9
Mz, + 2dyz, + 2dgz; = 0. (6)
BhinonHHM MOBOPOT KOODAHHATHOH IIOCKOCTH 2,23, COXPaHAs

OoCb 24, HaA yroa a, Ol'lpelleJ'lﬂeMbll:'l paBeHCTBaMHu:

dy . d,
Cos 0 = — -2 sino = -2,
m m
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S
rie m=} d, +d>, T. e BbINOIHUM OPTOrOHATBHOE PEOOPA3OBAHHE:

2,=t1, ‘
dy d
2y =— 2, —2¢
2 m 2 m k4 3
23—d_2t2_‘;12t3. l
m m )

[Tocne 3toro ypaBHeHHe (6) NMOBEPXHOCTH NPUHHUMAET BHAL:
ME = 2mt, (7

B uTore mpuxoAuM K CJIeAYIOLIEMY BBIBOAY O MOpsiAKE NMPUBENEHHS
oflllero ypaBHEHHs NOBEPXHOCTH BTOPOro NOpPSiAKAa K KaHOHHUYECKOMY
BUAY:

1. CHauana HaxoiMM OpPTOroHajbHOe mpeo6pa3oBaHHe KOOPIAMHAT,
KOTOpOe MPHUBOAMT KBaApaTHuHyio ¢opmy (la) crapiiux ujleHOB ypas-
HeHusi (1) K kaHoHHMueckomy BuAy (16). BbimosnHuB 3aMeHy nepemeH-
HBIX B ypaBHeHuu (1), momyuaem ypaBHeHHe IOBEpXHOCTH B opme (2).

2. Tlocne atoro BhIMOMHSEM NapajjelNbHbI NEpPeHOC ocell KOOpAH-
HaT. Torja nonyyum ypaBHEHHE NOBEPXHOCTH B opme (4) uiu B dop-
me (5). Kpome mapanyenbHOro nepeHoca, MHOrJa NPUAETCS BBINOJHUTD
ellle OJJHO OPTOrOHaJbHOe NpeoOpasoBaHue (MOBOPOT OJHOH KOOpIU-
HAaTHOH IJIOCKOCTH BHYTPU ce6sl) — W TOrAa IOJYYUM ypaBHEHHE He-
LeHTpajbHOH noBepxHOCTH B ¢opme (7).
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